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Abstract—The uncertainty of electric machines and drives is
inherent in its manufacturing and assembly. Robust design opti-
mization finds the design under these uncertainties that results in a
minimal variance while satisfying all design constraints. To obtain
an accurate result, the statistical model is significantly important.
Moreover, several uncertainties from a single source can be involved
owing to multiple components in the electrical machines and drives.
However, this can drastically increase the numerical cost for the
conventional robust design optimization technique. In this work an
uncertainty characterization method is developed by using a per-
centile bootstrap interval to consider the experimental results from
few prototypes and a kriging surrogate model to reduce the com-
putational cost. Then the sample-based robust design optimization
is applied to the surface-mounted permanent magnet synchronous
motor. It is seen that the developed methods can efficiently work to
minimize both the mean and variance of the cogging torque while
satisfying other design constraints.

Index Terms—Kriging surrogate model, percentile bootstrap
interval, robust design optimization, surface-mounted permanent
magnet synchronous motor, uncertainty characterization.

I. INTRODUCTION

UNCERTAINTY in electric machines and drives is unavoid-
ably inherent in the manufacturing process. Because of

various uncertainties, these products usually exhibit variance
in their characteristics and performances. In the worst-case
scenario, this phenomenon can even lead to the production of
defective electromagnetic devices. These uncertainties generally
come from the manufacturing and assembly tolerance, and ma-
terial properties. To improve the robustness of electric machines
and drives under various uncertainties, a large number of design
optimization methods have been developed in recent years [1],
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[2]. The purpose of robust design optimization (RDO) is to find
the least sensitive design under uncertainties that results in a
minimal variance while satisfying all design constraints [3].

The electrical power steering (EPS) system has become an
attractive alternative to conventional hydraulic power steering
in automotive vehicles, owing to its significant contribution to
the reduction in weight and fuel consumption. The cogging
torque is the torque that is generated owing to the interaction
between the permanent magnets of the rotor and stator slots
of the electric motor. Minimizing the cogging torque is the
most important design objective with regard to the EPS motors
because it considerably affects the handling performance of
vehicles. The cogging torque usually shows a large variation
under uncertainties originating from the manufacturing process
[4]–[8].

Although several RDO techniques have been developed and
adopted for various electromagnetic devices, they are usually
based on the assumption that input uncertainties follow a normal
distribution [9]–[12]. Moreover, the standard deviation of these
uncertainties is determined based on the designer’s experience.
As these assumptions cause significant errors in the RDO results,
the probability distribution and its statistical parameters should
be accurately determined. However, the characterization or iden-
tification of these uncertainties is extremely difficult, especially
at the initial design stage.

Another important design issue is that electric machines and
drives include components that are produced from the same
manufacturing process, e.g., permanent magnets or a segmented
stator core. After production, these components are assembled
into a single product. Therefore, the combined effect of the
uncertainties caused by multiple components is different from
that of a single component [8]. Many studies disregarded this
design aspect because electromagnetic simulations were usually
performed using symmetry models in which these uncertain-
ties were treated as a single random variable. This issue is a
challenging problem that cannot be resolved using conventional
RDO techniques because they deal with each uncertainty based
on different design variable or parameter [3], [13].

To resolve these two issues, this study proposes two novel
methods: an uncertainty characterization method using finite
element analysis (FEA) and experimental data from prototype
testing, and an RDO method that considers uncertainties of

0885-8969 © 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: Hanyang University. Downloaded on December 01,2020 at 03:21:52 UTC from IEEE Xplore.  Restrictions apply. 

https://orcid.org/0000-0003-2924-6162
https://orcid.org/0000-0003-3542-9002
https://orcid.org/0000-0003-2924-6162
https://orcid.org/0000-0002-3876-1134
https://orcid.org/0000-0002-5339-2728
mailto:kyeol8805@gmail.com
mailto:sgar1109@hanyang.ac.kr
mailto:thlee@hanyang.ac.kr
mailto:myungseop@hanyang.ac.kr
mailto:jimin85.kim@samsung.com
https://ieeexplore.ieee.org


KIM et al.: ROBUST DESIGN OPTIMIZATION 2057

multiple components. To improve the accuracy of the uncertainty
characterization, numerous prototypes are required. This is not
a feasible option in most cases owing to the associated high
cost. To address the lack of information, the bootstrap method
is adopted to calculate the confidence intervals (CIs) of mean
and standard deviation using the available few experimental
data. Thus, the uncertainty characterization can be performed
considering all the possible scenarios based on few prototypes.
The optimization that minimizes the difference between the
mean values obtained from the bootstrap method and simulation
is performed to find the fittest probability distribution and its pa-
rameters for the input uncertainty that satisfy all the constraints
for the CIs of mean and standard deviation.

For the proposed RDO method, random sample sets that are
generated using the uncertainty characterization results. The
variance of the response is evaluated using the combination of
these random sample sets during the RDO. The proposed RDO
method provides a robust optimal design of an electric machine
considering the uncertainties caused by multiple components.
The proposed methods were applied to a surface-mounted per-
manent magnet synchronous motor (SPMSM) to be used in an
EPS system to identify the uncertainty and reduce the cogging
torque.

The remainder of the paper is organized as follows. In the next
section, the cogging torque that is generated in the SPMSM is
described. Section III explains the kriging surrogate modeling
method. Section IV elucidates the uncertainty characterization
using the bootstrap method and its results. Then, the proposed
sample-based RDO method under uncertainties caused by mul-
tiple components is described and its results with regard to
the SPMSM are discussed in Section V, and the conclusion is
presented in Section VI.

II. COGGING TORQUE OF SPMSM

A. Theoretical Background

The cogging torque is an undesirable torque caused by the
interaction between the permanent magnets of the rotor and the
stator slots in a permanent magnet electric machine. Owing to
the stator slotting, the air gap varies periodically. This leads to
a change in permeance at the air gap and a periodic oscillation
in the magnetic energy. Thus, a pulsating torque is generated,
even under no-load operation. This phenomenon is especially
prominent at a low speed. The cogging torque is a periodic
function that is a sum of the interactions between each edge of the
rotor and stator slot openings. The harmonic components of the
cogging torque can be classified based on their origins into native
harmonic components (NHCs) and additional harmonic compo-
nents (AHCs). NHCs always exist and inevitably occur even in
an ideal electric machine. The NHCs can be easily obtained from
an FEA. AHCs are usually generated in mass-produced electric
machines owing to uncertainties caused by the manufacturing
process. As the AHCs of the cogging torque are unpredictable
at the initial design stage and considered negligible, reducing
the NHCs of the cogging torque has been the main objective in
electric machine design [8].

TABLE I
SPECIFICATIONS OF SPMSM

A popular method for reducing cogging torque is to skew
stator stacks or magnets. The main harmonic order (nmh) of the
cogging torque is calculated using the least common multiple
(LCM) of the magnetic poles and the number of teeth on the
stator, as given below:

nmh = LCM(Q,P ) , (1)

where Q is the number of slots in the stator, and P is the number
of poles in the rotor. The orders of the NHCs (NNHCi) of the
cogging torque are multiples of the main harmonic order.

NNHCi = nmh · i, (i = 1, 2, 3, · · ·) . (2)

The elimination of the first few multiples of the main har-
monic order is important because the magnitude of the cogging
torque considerably decreases as the order increases. The skew
angle applied to the rotor core can eliminate these harmonic
components. The orders of the remaining NHCs (NNHCRi) are

NNHCRi = nmh ·NS · i, (i = 1, 2, 3, · · ·) , (3)

where NS is the number of steps.
The specifications of the SPMSM for the EPS system used in

this study are listed in Table I. The SPMSM had six poles and
nine slots and included a three-step skew rotor. The cogging
torque was generated 18 times per rotation. The 18th- and
36th-order harmonic components were eliminated owing to the
three-step skew, whereas the 54th-order harmonic component
remained. The harmonic components that had an order higher
than 54 were neglected because of their small magnitudes. The
magnitude of the cogging torque reduced from 24.2 to 0.5 mNm
owing to the three-step skew [8].

B. Experiment Using Prototypes

A total of six prototypes were fabricated to verify the cogging
torque for the current design of the SPMSM. As a divided core
was adopted, the size of the SPMSM was reduced owing to a
high fill factor and short end-turn length. The productivity was
also improved because of the easier winding. The fabricated
prototypes and the measuring equipment for the cogging torque
are shown in Fig. 1. The cogging torque of the prototypes was
measured using a torque sensor. The measured results were
validated through a second experiment using an additional sen-
sor. The difference between the two measured cogging torques
was less than 5%. Thus, the measured cogging torque of the
prototypes was considered reliable. The results of the harmonic
analysis of the measured cogging torque are shown in Fig. 2.
Although the 6th- and 9th-order harmonic components of the
cogging torque were expected to not appear, these components
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Fig. 1. Fabricated prototypes of SPMSM and measuring equipment [8].

Fig. 2. Results of harmonic analysis of the measured cogging torque [14].

were significantly large. Therefore, AHCs cannot be neglected
in manufactured electric machines. To examine the effects of
various uncertainties on the generation of AHCs, a parametric
study was previously performed for this SPMSM model [8].
However, only the effects of certain levels of uncertainties were
investigated in the previous study, and these uncertainties were
not characterized.

C. Effects of Uncertainties From Multiple Components

Most studies regarding the analysis and design optimization
of electric machines and drives use a symmetry model for
FEA to reduce computational time. In addition, conventional
RDO methods involve one random variable for each uncertainty
source. Accordingly, the combined effect of uncertainties from
multiple components cannot be considered in conventional RDO
methods. However, the cogging torque in the SPMSM can drasti-
cally change as uncertainties are considered as different random
variables using a full model in the FEA. The 6th-order and 9th-
order AHCs significantly affected the increase in the cogging
torque [14]. However, the experimental results showed that the
6th-order AHC has a larger mean and variance. Therefore, the
reduction in the 6th-order AHC was investigated in this study.
The stator gap, which occurs on the surface of segmented stators,
is a dominant factor that significantly affected the generation
of the 6th-order AHC of the cogging torque [14]. To examine
the combined effect of uncertainties caused by multiple stator

gaps, two case studies were performed. First, the stator gaps
were treated as a single random variable, and a full model was
used for a fair comparison. A total of 9 levels from 0.01 mm
to 0.09 mm were considered. Second, all the stator gaps were
considered as different random variables. The stator gap was
assumed to follow a normal distribution with a mean of 0.05
mm and a standard deviation of 0.005 mm, and the values were
randomly generated.

Table II lists the results of the case study for the 6th-order
AHC of the cogging torque. The magnitude of the 6th-order
AHC was nearly negligible when the uncertainty was treated as
a single random variable while it was significantly large when
the uncertainties were treated as different random variables. The
results indicate that even though there is a single source of
uncertainty, the uncertainties from multiple components should
be considered as different random variables to accurately predict
the cogging torque; furthermore, the FEA using a full model is
essential.

III. SURROGATE MODEL

Before we characterize the input uncertainty and apply RDO
to the SPMSM for the EPS, it is necessary to briefly understand
surrogate modeling. A surrogate model is a functional relation-
ship between the input design variable or parameter domain and
the response [15]. The surrogate model is widely adopted in the
design optimization of electric machines and drives to reduce
the high computational cost associated with simulation [1], [2].
The surrogate modeling procedure comprises three steps: design
of experiment (DOE), surrogate modeling, and validation of
the surrogate model. There are several options, with regard to
each step, that can be selected according to the characteristics of
the problem, comfortability, accuracy, and computational cost.
The details regarding the theories of surrogate models or their
comparative study are beyond the scope of this paper. Therefore,
a brief explanation of the selected methods will be given along
with some prevalent references.

A. Design of Experiment

The DOE is the sampling plan in the input design variable or
parameter domain. The DOE for surrogate modeling based on
the response from deterministic computer simulation is different
from the one based on the response from real-world experimen-
tation [16], [17]. DOE techniques are required to satisfy the
following properties: granularity, space-filling, non-collapsing
property, and orthogonality [18].

In this study, a combination of optimal Latin hypercube de-
sign (OLHD) and sequential maximin distance design (SMDD)
was implemented [14], [19]. The main objective of OLHD
was to obtain design points that satisfy the space-filling and
non-collapsing properties in the design domain [20]. Then,
SMDD was applied based on the design points obtained from the
OLHD by sequentially adding one design point at a time. The
maximin distance criterion was used in the SMDD to guarantee
sufficient design points at the boundaries and empty space in the
design domain [21]. Both DOE techniques were applied to the
normalized design domain in the range of [0,1].
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TABLE II
RESULTS OF THE CASE STUDY

B. Kriging Surrogate Model

Several surrogate models, such as response surface model,
support vector machine, radial basis function, artificial neural
network, and kriging surrogate model, have been applied to
the design optimization of electric machines and drives [1], [2].
Although each model has its advantages and disadvantages, all
the models have been successfully implemented for the design
optimization of electric machines and drives. In this study,
the kriging surrogate model was selected because of its high
accuracy with regard to both linear and nonlinear responses and
owing to its ability to perform reliable predictions [22], [23].
The kriging surrogate model is defined as the sum of a global
model and a local model [24], [25].

Ŷ (x) = f(x)T β̂ + r(x)TR−1
(
Y − F β̂

)
, (4)

where f(x) is the vector of known regression functions, β̂ is the
vector of estimators of unknown regression coefficients, r(x) is
the correlation vector between the design points and prediction
point, R is the correlation matrix between the design points, Y
is the response vector at design points, and F is the expanded
design matrix. The first component, which is the estimator of the
global model, is determined using the generalized least squares
method. The second component, which is the local model, is
the deviation from the estimated mean model. The correlation
matrix, which is included in the local model, is defined by
a correlation function. Among various correlation functions,
the Gaussian correlation function is widely adopted because it
smoothly interpolates the response.

R
(
θ,xi,xj

)
= exp

(
nd∑
k=1

−θk

(
xi
k − xj

k

)2)
, (5)

where xi and xj are the vectors of design points i and j,
respectively, θ is the correlation coefficient vector, and nd is
the dimension of the domain. The correlation coefficients are
estimated using maximum likelihood estimation.

C. Validation of Surrogate Model

Assessing the quality of the surrogate model is an important
step in employing surrogate modeling in design optimization.
To validate a surrogate model, an error measure and validation
method should be determined. The error measure represents the
accuracy of a surrogate model, and the validation method deals
with the evaluation of the error measure using the given design
points and the response values. The normalized root mean square
error (NRMSE) and leave-one-out cross-validation method were
used in this study [14], [15]. The leave-one-out cross-validation
method leaves out one design point for validation and uses the
others to construct the surrogate model. The NRMSE based on
the leave-one-out cross-validation method is defined as

NRMSE

=

√√√√ 1

ns

∑ns

i=1

(
Ŷ−i (xi)− Y (xi)

max (Y (x))−min (Y (x))

)2

× 100,

(6)

wherens is the number of design points, Ŷ−i(xi) is the predicted
response at the ith design point obtained from the kriging sur-
rogate model that is constructed by leaving out the ith design
point from training, Y (xi) is the response at the ith design
point calculated from the simulation model, andmax(Y(x)) and
min(Y(x)) are the maximum and minimum response values,
respectively, among those at the design points.

IV. UNCERTAINTY CHARACTERIZATION

The knowledge of the probability distribution and its statisti-
cal parameters of input uncertainties is an important prerequisite
for applying probabilistic design optimization techniques. In
many engineering applications, the direct measurement of input
parameters, i.e. manufacturing and assembly tolerance, and ma-
terial properties of the prototypes may be extremely challenging
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Fig. 3. Procedure of uncertainty characterization using the bootstrap method.

and expensive. The measurement of responses is an easier ap-
proach and may be the only feasible option. The inverse problem
is generally solved by identifying the probability distribution and
estimating its statistical parameters of input uncertainties from
the response measurements. This is known as uncertainty char-
acterization or identification. However, conventional methods
such as perturbation method and Monte Carlo simulation (MCS)
are less accurate because of the linearization of the response or
the requirement of numerous computations [26], [27].

This study proposes an uncertainty characterization method
that is computationally efficient, while maintaining accuracy. To
consider the lack of information owing to the limited number of
prototypes, the bootstrap method was implemented to predict
the CIs of sample estimates. The procedure of the proposed
uncertainty characterization using the bootstrap method is de-
scribed in Fig. 3. First, the response data were collected via
the measuring experiment of the prototypes. The CIs of the
mean and standard deviation were obtained using the bootstrap
method. Second, the kriging surrogate model was constructed
based on the response obtained from the FEA. The design points
were determined based on a DOE technique. Subsequently,
to minimize the difference between the mean values obtained
from the prototypes and response data, the unknown probability
distributions and the statistical parameters of input uncertainty
were assumed based on the candidate distribution list and initial
design. A total of 200 random samples were generated, and
the response data were calculated using the kriging surrogate
model. Using these response data, the CIs of the mean and
standard deviation were obtained. The minimization between
the mean values from the prototypes and the response data was

performed. The CIs of the mean and standard deviation obtained
from the uncertainty characterization were set to be within
those obtained from the bootstrap method using experimental
data. The probability distribution of the input uncertainty that
minimizes the objective function while satisfying the constraints
was selected. Therefore, the mean and standard deviation of the
response were estimated through optimization using the kriging
surrogate model. As the 6th-order AHC significantly contributes
to the increased cogging torque, the uncertainty of the stator gap
was characterized in this study. Although there is only one source
of uncertainty, the number of input uncertainties is nine, as the
SPMSM has nine slots. Therefore, the probability distribution
and its statistical parameters for the uncertainty of the stator gap
should be characterized using nine input parameters.

A. CI from the Bootstrap Method

A large number of prototypes leads to increased accuracy
and precision when estimating the statistical parameters of a
probability distribution. The number of prototypes is generally
determined based on the available time and budget. Considering
that only one prototype is usually fabricated for experiment or
design verification, the experimental results of six prototypes can
provide more useful information. As the number of prototypes
was still small, we needed to consider all the possibilities that can
occur in the production based on these prototypes. To account
for this lack of information, the bootstrap was adopted [28]. The
bootstrap has been used in many fields of science and engineer-
ing to evaluate the CI for an estimator, for instance, mean and
standard deviation, when only few data are available [29], [30].
Among various bootstrap methodologies, the bootstrap quantile
interval was adopted in this study. This method is based on the
percentiles of the distribution of the bootstrap replicates. The
advantage of this method is that it can conservatively predict the
variation in the cogging torque based on the CI for the estimators.
The steps involved in calculating the bootstrap percentile interval
are [31]:

1) Given a random sample, x = (x1, · · · , xn), calculate θ̂.
2) Sample with replacement from the original sample to

obtain x∗b = (x∗b
1 , · · · , x∗b

n )
3) Calculate the same statistic using the sample in the step 2

to obtain the bootstrap replicates, θ̂∗b.
4) Repeat steps 2 through 3 B times, where B ≥ 1000.
5) Order the θ̂∗b from the smallest to the largest.
6) Calculate B · α/2 and B · (1− α/2).
7) The lower endpoint of the interval is given by the bootstrap

replicate that is in the B · α/2th position of the ordered
θ̂∗b, and the upper endpoint is given by the bootstrap
replicate that is in theB · (1− α/2)th position of the same
ordered list.

The bootstrap percentile CI is as follows:(
θ̂
∗(α/2)
B , θ̂

∗(1−α/2)
B

)
, (7)

where θ̂∗(α/2)B and θ̂
∗(1−α/2)
B are the α/2 and 1− α/2 quantiles

in the bootstrap distribution of θ̂∗, respectively. For example, if
α = 0.05 and B = 1000, then θ̂

∗(0.025)
1000 is the θ̂∗b in the 25th
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Fig. 4. CIs of mean and standard deviation from the bootstrap method based
on experimental data.

TABLE III
CONFIDENCE INTERVAL OF MEAN AND STANDARD DEVIATION

OBTAINED FROM THE BOOTSTRAP METHOD

position in the ordered list of bootstrap replicates. Similarly,
θ̂
∗(0.975)
1000 is the replicate in the 975th position. In this study, the

level of significance (α) is 0.05, and the number of resampling
(B) is 105. The histograms in Fig. 4 show the bootstrap replicates
of the mean and standard deviation. The dotted lines denote the
lower and upper endpoints of the CIs of mean and standard
deviation that were obtained from the bootstrap method. The
histograms were normalized using the total number of resampled
data obtained from bootstrapping. Table III lists the correspond-
ing lower and upper endpoints of CIs of mean and standard
deviation.

B. Kriging Surrogate Model

To reduce the computational cost of the repetitive FEA sim-
ulation during optimization in uncertainty characterization, the
kriging surrogate model was adopted. The combination of the
OLHD and SMDD was used in the DOE. The number of de-
sign points for the OLHD and SMDD was 275 respectively,
which is five times larger than the saturated number for the
9th-dimensional domain [19]. The NRMSE, which was used
as the error measure, and the leave-one-out cross-validation
method was employed to validate the kriging surrogate model.

TABLE IV
UNCERTAINTY CHARACTERIZATION RESULTS

The NRMSE of the kriging surrogate model was 6.11%. The
level of error was acceptable considering that the number of
design points was small and the dimensionality of the problem
was high.

C. Proposed Method and Results

The proposed uncertainty characterization method identifies
the probability distribution and estimates its statistical param-
eters based on the bootstrap method, which is applied to the
experimental data and kriging surrogate model constructed using
the FEA simulation. The candidate probability distributions for
the unknown input uncertainty are as follows: normal, log-
normal, gamma, Weibull, and maximum Gumbel distributions.
The uncertainty characterization was performed by solving the
following optimization problem:

min
a,b

|μ̂− μ̂∗|

s.t. μ̂∗
L ≤ μ̂L·

μ̂U ≤ μ̂∗
U ·

σ̂∗
L ≤ σ̂L·

σ̂U ≤ σ̂∗
U , (8)

where μ̂ and μ̂∗ are the mean values of the 6th-order AHC of
the cogging torque obtained from the estimation and bootstrap
replicates, a and b are the statistical parameters of the candidate
probability distribution, μ̂∗

L and μ̂∗
U are the lower and upper

endpoints of the mean obtained from the bootstrap method,
σ̂∗
L and σ̂∗

U are the lower and upper endpoints of the standard
deviation obtained from the bootstrap method, μ̂L and μ̂U are
the lower and upper endpoints of the mean obtained from the
estimation, and σ̂L and σ̂U are the lower and upper endpoint
of the standard deviation obtained from the estimation. The
sequential quadratic programming optimization algorithm in
MATLAB was used in this study [32]. As the percentile bootstrap
interval provides a highly conservative CI, the constraints ensure
that the CI obtained from the simulation is located within these
boundaries [28], [31].

The uncertainty characterization results are listed in Table IV.
The probability distribution of the stator gap, obtained from
the uncertainty characterization, is shown in Fig. 5 for the
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Fig. 5. Probability distribution of the stator gap for the 6th-order AHC of the
cogging torque resulting from the uncertainty characterization.

6th-order AHC of the cogging torque. The difference between
the mean values obtained from the bootstrap method based on
the experimental data and the uncertainty characterization was
1.9367. The constraints were also satisfied as the estimated CIs
of the mean and standard deviation were within those obtained
from the bootstrap method. The CIs of the mean and standard
deviation obtained from the uncertainty characterization were
narrower than those obtained from the bootstrap method. This is
a reasonable result because the CIs obtained from the experiment
were obtained using only few prototypes, and they were con-
servatively evaluated. The CI of the standard deviation closely
converged to the lower boundary. This means that some other
neglected factors other than the stator gap may exist. This is
beyond the scope of this study. Nevertheless, we believe that the
proposed RDO considering only the uncertainty of the stator
gap can yield a more robust design than the current design.
The probability distribution for the stator gap was identified as
Weibull distribution and its location and scale parameters were
estimated as 0.0698 and 13.8702, respectively. The uncertainty
characterization results show that there is a significant amount of
stator gaps close to 0.0698 mm and its probability distribution is
slightly right-skewed. The maximum Gumbel distribution was
excluded because it had a long right tail that generates samples
larger than 0.1mm.

V. ROBUST DESIGN OPTIMIZATION

In RDO, robustness is added to deterministic design optimiza-
tion. One of the most popular and widely used conventional
RDO methods formulates the sum of the mean and variance of
the response as the objective function and evaluates the mean
and variance using the Taylor series expansion [3].

μf
∼= f (μxb ,μxp) (9)

σ2
f
∼=

n∑
i=1

(
∂f

∂xb
i

)2

σ2
xb
i
+

m∑
i=1

(
∂f

∂xp
i

)2

σ2
xp
i
, (10)

where xb and xp are design variables that are controlled by
the designers and design parameters that are constant vectors,
respectively, μxb and μxp are the mean vectors of the design

variable and parameter, σ2
xb
i

and σ2
xp
i

are the variance of each

design variable and parameter, f is the response function, andμf

and σ2
f are the mean and variance of the response function. The

conventional RDO methods applied to electromagnetic devices
have used a symmetry model for FEA to calculate the response.
With regard to the design of electric machines and drives, several
uncertainties in design parameters can arise from a single source
of uncertainty. This can lead a significant error if only one
random variable is employed. In the RDO of the SPMSM, nine
random variables, which are the uncertainties of the stator gap,
should be implemented because of the multiple components.
As the conventional RDO approximates the variance or stan-
dard deviation using the first-order Taylor series expansion, the
first-order partial derivatives of the response function should be
evaluated. This can drastically increase the computational cost
as the FEA of the full model of the electric machines and drives
should be repetitively performed.

To tackle this challenging issue, this study proposes a sample-
based RDO method using the kriging surrogate model. First, a
total of 200 random sample sets were generated based on the
results of the proposed uncertainty characterization. Second,
the kriging surrogate model was constructed based on the re-
sponse values obtained from the FEA. The design points were
determined based on the combination of the OLHD and SMDD.
Next, the response sets were evaluated using the kriging model.
Finally, the mean and standard deviation were calculated using
these response sets. The combination of the random sample sets
for the uncertainty of the stator gap is illustrated in Fig. 6. A
substantial advantage of the proposed method is that the mean
and standard deviation of the response are evaluated directly
using the random sample sets without any approximations and
there is no additional computational cost as the dimension of the
problem increases.

The RDO of the SPMSM is formulated as follows:

min
x

F (μ (Tp−p) , σ (Tp−p))

s.t. BEMF ≥ BEMF t

TAHC6 ≤ T t
AHC6, (11)

where Tp−p is the peak-to-peak value of the cogging torque,F is
the sum of the mean and standard deviation of the peak-to-peak
value of the cogging torque, BEMF is the back electromotive
force and BEMF t is the target value of BEMF , TAHC6 is
the 6th-order AHC of the cogging torque and T t

AHC6 is the
target value of TAHC6.BEMF t is set based on the requirement
of the company and T t

AHC6 is the upper endpoint of the CI
obtained from the uncertainty characterization. There are six
design variables: yoke width (x1), slot opening width (x2), tooth
tip (x3), permanent magnet thickness (x4), pole angle (x5),
and rotor eccentricity (x6). The design parameter is the stator
gap. There are nine random variables of the design parameters
considered in this RDO problem arising from the uncertainty
of the stator gap. The design variables and parameters are
illustrated in Fig. 6. The uncertainties of design variables were
not considered because they were not significant for the response
of the SPMSM. The local sensitivity was evaluated with the
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Fig. 6. Combination of random sample sets for the uncertainty of the stator gap used in the proposed sample-based RDO method for the SPMSM.

TABLE V
LOCAL SENSITIVITY ANALYSIS OF DESIGN VARIABLES/PARAMETERS

absolute value of the partial derivative with respect to each
design variable and parameter [33], and its results are listed
in Table V. As the stator gap was the most significant design
parameter, the uncertainties of the stator gap were considered
in RDO and the uncertainties of other design variables were
considered negligible.

To decrease the numerical cost of the repetitive FEA simula-
tion during the RDO, the kriging surrogate model was employed.
The same surrogate modeling procedure as the one used in the

TABLE VI
INITIAL AND ROBUST OPTIMAL DESIGN OF THE SPMSM

uncertainty characterization was employed. The combination
of the OLHD and SMDD was used for the DOE. The number
of design points used for each DOE method was 680. Thus,
1360 design points were used for surrogate modeling. Three
kriging surrogate models were constructed for Tp−p, BEMF ,
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Fig. 7. Peak-to-peak value of the cogging torque of the initial and robust
optimal design.

and TAHC6. The NRMSE of each kriging surrogate model was
9.45%, 3.17%, and 9.80% respectively. The levels of errors were
acceptable considering the low number of design points for the
surrogate model and high dimensionality.

The initial and robust optimal designs of the SPMSM are
listed in Table VI. The design variables are normalized using
min–max normalization. The real values of design variables are
not disclosed in this study because they are proprietary infor-
mation belonging to the sponsoring company. The min–max
normalization brings all the values of the design variables into
the range of [0,1] using the lower and upper boundaries of each
design variable. The initial design showed a large peak-to-peak
value of the cogging torque with a certain level of standard devia-
tion. The RDO found a robust optimal solution that significantly
reduced the mean and standard deviation of Tp−p by 15.68% and
56.93%, respectively.TAHC6 significantly decreased by 22.22%
compared to that of the initial design and converged to the target
value. The BEMF slightly decreased by 8.04% and became
active. The peak-to-peak values of the cogging torque of the
initial design and robust optimal design are shown in Fig. 7.
As the validation of the RDO results through MCS using FEA
requires extremely large computational time, the MCS using
the kriging surrogate model was alternatively performed at the
robust optimal design point. The number of random sample sets
for MCS was 100,000. The errors of the means ofTp−p,BEMF ,
and TAHC6 were significantly small: 0.01%, 0%, and 0.01%,
respectively. The error of the standard deviation of Tp−p was
4.29%. Although there is a significant difference between the
standard deviation of the Tp−p and that in the case of the MCS,
the RDO reduced both mean and standard deviation of Tp−p.

VI. CONCLUSION

Two new methodologies were developed to obtain the robust
optimal design of the SPMSM: an uncertainty characterization
using small number of prototypes and the bootstrap method,
and a sample-based RDO using the kriging surrogate model.
The present study is notable owing to two main contributions.
First, the uncertainty is characterized using bootstrap percentile

CIs, the kriging surrogate model and the optimization procedure
based on few experimental data. Second, an RDO that uses
random sample sets, which are generated from the identified
probability distribution of the input uncertainty and enables effi-
cient evaluation of the mean and standard deviation of responses
is developed. The results of the application of the proposed
method to the SPMSM show a significant improvement in its
robustness and performance. As the uncertainty was character-
ized using experimental data obtained from several prototypes,
the statistical information of the uncertainty was more reliable.
The mean and standard deviation of the peak-to-peak value
of the cogging torque were reduced by 15.68% and 56.93%,
respectively, compared with those of the initial design. The RDO
results were validated via the MCS, which showed that the errors
were acceptably small.
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