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Torque Ripple Reduction of IPMSM Applying
Asymmetric Rotor Shape Under Certain
Load Condition

Young-Hoon Jung
Jung-Pyo Hong

Abstract—This paper proposes a new numerical formula and
a design method to reduce the torque ripple while improving ef-
ficiency and the control performance of an interior permanent
magnet synchronous motor. In previous studies, the inverse co-
sine function (ICF) has been used for torque ripple reduction by
making the air gap flux density distribution sinusoidal under a
no-load condition. However, in this paper, the advanced inverse co-
sine function (AICF) based on the ICF is proposed. It determines
an asymmetric rotor shape for rendering the air gap flux density
distribution sinusoidal, considering a certain load condition. In ad-
dition to the torque ripple reduction, lower peak values, the total
harmonic distortion (THD) of the induced voltage, and a lower
iron loss can be achieved by applying the AICF, compared to the
other conventional methods. The lower peak value and THD of
the induced voltage are important because they affect the control
performance of the motor. The lower iron loss can also lead to a
higher efficiency, particularly, in the high-speed region. To verify
the validity of the proposed design method, the characteristics of
8-pole, 12-slot motors that have different rotor shapes are analyzed
using finite element analysis and experiments.

Index Terms—Advanced inverse cosine function (AICF), con-
centrated flux-type synchronous motor (CFSM), eccentric rotor
shape, inverse cosine function (ICF), interior permanent mag-
net synchronous motor (IPMSM), magneto motive force (MMF),
torque ripple.

I. INTRODUCTION

NLIKE the surface-mounted permanent magnet syn-
U chronous motor (SPMSM)), the interior permanent magnet
synchronous motor (IPMSM) in which permanent magnets are
embedded in the rotor has the advantage of being structurally
strong without the help of other devices and has a small equiv-
alent air gap. In addition, as the inductance of the d-axis is
different from that of the g-axis, both the magnetic torque and
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the reluctance torque can be used; thus, the power density is
higher than that of the SPMSM. Based on these advantages,
various applications for vehicles such as electric power steering
motors and traction motors have been developed [1]. However,
the reluctance torque used to meet the high power density re-
quirement leads to an inevitable torque ripple. As the torque
ripple affects the vibration and noise, it should be reduced [2],
[3], and [15].

Currently, two main methods for reducing the torque ripple
are being investigated [4]. One of them is from the control point
of view [5]-[8], while the other achieves an optimal design by
changing the shape of the motor. In this paper, only the design
methodology is discussed.

Various methods for reducing the torque ripple from the de-
sign point of view are being studied. The torque ripple can be
reduced by using a notch or a chamfer that reduces the cogging
torque [9], [10], and [13]. In addition, changing the arrangement
of the permanent magnets or changing the pole-arc can reduce
the torque ripple [11]-[14]. In studies [11]-[13], the torque rip-
ple was reduced by placing the permanent magnets in a V-shape.
In [13] and [14], the torque ripple was reduced by adjusting the
pole-arc. In [15] and [16], the torque ripple was reduced using
the skew. In [17], [18], the torque ripple was reduced by making
the air gap magnetic field distribution sinusoidal through the ap-
plication of an eccentric rotor shape. In [19] and [20], the torque
ripple was reduced by changing the rotor shape using the inverse
cosine function (ICF). In particular, in [19], the total harmonic
distortion (THD) of the air gap flux density was compared after
applying the ICF and an eccentric rotor shape. This can reduce
the torque ripple by making the air gap magnetic field distri-
bution sinusoidal. However, as these methods consider only the
no-load condition, the effect of the armature reaction under a
load condition has not been considered.

In this regard, this paper proposes the advanced inverse cosine
function (AICF) that renders the air gap flux density sinusoidal
owing to its asymmetric rotor shape, considering the influence
of the armature reaction under the certain load condition. In
situations in which the AICF is applied, the average torque is
similar but the torque ripple is lower than that of the eccen-
tric rotor shape or the ICF model. In addition, the THD of the
induced voltage can be decreased because the saturation distri-
bution in the rotor is balanced under the certain load condition
owing to the asymmetric rotor shape. To verify the validity of
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Fig. 1. Principle of eccentric rotor shape.

the AICF method, the torque characteristics and the THD of the
induced voltage of the normal model and the model with the
AICF are compared using finite element analysis (FEA) under
the rated load condition. Moreover, experimental results of the
torque characteristics of the normal model and the AICF model
are compared.

II. CONVENTIONAL METHODS

The magneto motive force (MMF) generated by the perma-
nent magnets (PMs) and the armature reaction is constant re-
gardless of the shape of the rotor. However, the magnetic field
distribution is closely related to the shape. As shown in (1),
the MMF is expressed as the product of the reluctance and the
magnetic flux.

F = R® (1

where F is the MMF; R is the magnetic reluctance; ® is the
magnetic flux. Therefore, the magnetic field distribution can
be changed by adjusting the reluctance. Because the reluctance
is proportional to the magnetic path length, as shown in (2),
the reluctance can be adjusted by changing the length of the
magnetic path.

o
o oy A
where [ is the magnetic path length; 1o is the permeability in
vacuum; f, 1S the relative permeability of the material; and A is
the cross-sectional area of the magnetic path. Therefore, the air

gap magnetic field distribution can be made more sinusoidal by
adjusting the air gap length appropriately.

@

A. Conventional Methodl: Eccentric Rotor Shape

The use of an eccentric rotor shape [18] is one of the most
conventional methods for reducing the torque ripple in the de-
sign of electric motors. Using an eccentric rotor shape makes
the air gap flux density sinusoidal under a no-load condition. As
shown in Fig. 1, if the rotor radius of the original model is r and
the eccentric length is x, the radius of the eccentric rotor shape
model becomes r-x. This is performed for all the poles. The air
gap length on the d-axis becomes a minimum and is the same
as the air gap length of the original model. However, the air
gap length increases towards the g-axis. Therefore, an eccentric
rotor shape should be carefully used in the motor for achieving
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Fig. 2. Air gap MMF and flux density under no-load condition.

the required torque and excellent motor characteristics because
characteristics such as the cogging torque, the THD of the back
electromotive force (BEMF), and the torque ripple of the eccen-
tric rotor shape model vary according to the eccentric length, x
[17], [18]. However, if a large eccentric length is applied, the av-
erage air gap length increases. In addition, this method does not
consider the armature reaction and the saturation distribution
under load conditions.

B. Conventional Method2: Inverse Cosine Function (ICF)

The ICF calculates the air gap length for maintaining the
air gap flux density sinusoidal under a no-load, similar to the
eccentric rotor shape model. For using an analytical approach,
the permeability of the magnetic core is assumed infinite. In the
IPMSM, the MMF of the air gap under a no-load condition is
determined only by the MMF of the PM, as shown by red square
symbol in Fig. 2. To make the sinusoidal air gap flux density
distribution from the rectangular waveform of the MMF, the
air gap length should be changed according to the angle, 6. As
shown by the green circle symbol in Fig. 2, a sinusoidal air
gap flux density can be achieved by adjusting the air gap length
using the ICF. The ICF is derived from (3)—(6).

F
o, =2 3
YR, ©)
o o F,
B, =-21=""9 4
g A, ly “)

where @, is the air gap flux; F} is the air gap MMF; R, is the
air gap reluctance; B, is the air gap flux density; A, is the cross-
sectional area of the air gap; p is the permeability of vacuum;
and [, is the air gap length.

Equation (4) can be expressed as the periodic function (5),
according to the angle, 6. The range of # is from —90° ~90° in
the electrical angle.

M()Fg
Ly (0)

Bax cost =

®)
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where B, .y 1s the maximum value of the air gap flux density
and [, (6) is the air gap length using 6.

The air gap flux density is maximum at the d-axis position,
6 = 0°, as shown in Fig. 2. Since the air gap length of d-axis, l4,
is identical to that of the normal model, the maximum air gap
flux density can be expressed by (6).

B _ M()Fg
max ld

(6)

where [, is the air gap length of d-axis.

Under no-load condition, the air gap MMF only has the air
gap MMF by the PM. The air gap MMF by the PM can be
calculated as in (7) according to the Ampere’s law, at which, the
core permeability is assumed to be infinite.

o Br Am lm, lg
Ho (MrecAm lg + Aglm)

where F},, is the MMF of the PM at the air gap; B, is the residual
induction; A,, is the cross-sectional area of the PM; [,,, is the
thickness of the PM; [, is the air gap length; 1, is the recoil
permeability of the PM; A, is the cross-sectional area of the air
gap.

Thus B,.x can be derived from (6) and (7). By substituting
(6) to (5), the periodic function of the air gap length can be
expressed as in (8).

F, = F, )

l
Iy (0) = —2 ®)

cos

As —90° < 0 < 90°, the rotor shape in (8) is symmetrical to
the d-axis.

Similar to the eccentric rotor shape model, the ICF can also
reduce the cogging torque, the THD of the BEMF, and the torque
ripple but can cause a reduction in the average torque owing to
the increase in the air gap length. In addition, the ICF do not
consider a load condition.

III. PROPOSED METHOD: ADVANCED INVERSE COSINE
FuncTION (AICF)

The AICF is the equation that adjusts the air gap length by
considering the effect of the armature reaction based on the ICF.
For the convenience of the analytical approach, the permeability
of the magnetic core is assumed infinite. Moreover, it is assumed
that the MMF distribution by the armature winding can be con-
sidered sinusoidal because only the fundamental component of
the air gap MMF is considered in this paper, regardless of the
winding method. Fig. 3 is a simplified representation of the air
gap MMEF, considering the effect of the armature reaction under
a certain load condition. As shown in Fig. 3, the red square sym-
bol is the resultant air gap MMF and is the sum of the MMFs of
the PM and the armature winding. Consequently, the armature
reaction causes a decrease in the resultant air gap flux density
under one-half of the pole and an increase in the other half. The
AICF enlarges the air gap length of the area where the air gap
flux density is increased and reduces the air gap length of the
area where the flux density is reduced by the armature reaction.
Consequently, the air gap flux density distribution is rendered
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Fig. 3. Air gap MMF distribution considering armature reaction.
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Fig. 4. Air gap MMF and flux density considering armature reaction.

sinusoidal, as shown in Fig. 4. Thus, the saturation distribution
of the rotor core can be well balanced under a load condition.

A. Function of Air Gap Length

As seen in Fig. 3, the resultant air gap MMF can be expressed
as (9) and is measured from the center of the N pole.

F,=F, —F, sin(0+p3) )]

where F}, is the air gap MMF of the PM and F), is the air gap
MMF of the armature current. (3 is the current phase angle.

Equations (10) and (11) are generated by substituting (9) in
(8).

ld k ld sin (9 + ﬁ)

1, (0) = - 10
s (0) cos cos (10
where,
FE,
ld N /;OHIRX (11)
EU
kF - Ff’b (12)
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Fig. 5. Rotor shape considering ¢ offset.

where 6 varies from —90 ~90° in the electrical angle and (12)
represents the MMF ratio. The first term on the right side of (10)
is the air gap length derived from the ICF and the second term
is added considering the effect of the armature.

As seen in (10), kr is an important factor that determines
the asymmetric shape of the AICF model and is defined as the
ratio of the air gap MMF owing to the PM to the air gap MMF
provided by the armature reaction. As kp increases, the shape
of the rotor becomes more asymmetric and the minimum air gap
length decreases. Thus, the air gap length of the AICF model is
partially reduced when the AICF is applied using (10). Accord-
ingly, a modification in the minimum air gap length (offset &
application) is required to secure mechanical stability and man-
ufacturing tolerance. The offset magnitude of the AICF model
is determined to ensure that the minimum air gap length of the
AICF model is equal to the air gap length of the normal model.
Assuming that the minimum air gap length of the AICF model
and the air gap length of the normal model are I; A1cF, min and
lg normal, respectively, 6 can be defined as (13).

13)

Accordingly, the modified air gap length is determined by
offsetting the rotor surface in a radially inward direction by 4,
from the rotor shape of the AICF model calculated by (10).
Consequently, (10) is changed to (14).

ld ld sin (9 + ﬁ)
I, (0) = —
s (0) cos 6 cos 6

0= lg,normal - lg,AICF,min

+0 (14)

Fig. 5 is an illustration depicting the differences in the rotor
shapes with the same kr using (10) and (14) as an example.

B. Calculation of kp

To determine kg, F},, and F,, should be calculated. F;, and
F,, can be calculated by using the Ampere’s law. It is assumed
that the permeability of the magnetic core is infinite. F;,, can be
calculated using (7) and F, can be calculated through (15).

\/§NphIrms

2pp

where F, is the MMF of the armature winding at the air gap;
k,, is the winding factor; IV, is the series turns per phase; Iy
is the rms current; and pp is the number of pole pairs.

F, = 1.5k, (15)

IV. ANALYSIS AND VERIFICATIONS

Under the same current condition, the torque characteristics
as well as the induced voltage waveform of the normal and the
AICF models are analyzed by FEA. The FEA conducted in the
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TABLE I
MODEL SPECIFICATION

Quantity Unit Value
Pole/slot number - 8/12
Stator Outer diameter mm 170
Stator inner diameter mm 120.7
Air gap length mm 0.85
Stack length mm 135
Core material - 50PN470
Residual induction T 0.38
Rated speed rpm 2000
Rated torque Nm 24
Rated current A 30
Rated Power kW 5

Drive method - I4 = 0 control

paper is nonlinear, considering the saturation of the magnetic
core. In addition, the same current condition is applied to all
the four models and a series of magneto-static computations
are conducted. As the input current in the paper is assumed
sinusoidal, the effect of the pulse width modulation (PWM)
is neglected. The angle step for the FEA in the paper is 0.5°
and this depicts the tendency of the induced voltage. Harmonic
analysis is conducted to obtain the THD of the induced voltage,
where sufficient data is obtained by interpolation. Finally, ex-
periments are conducted to verify the validity of the proposed
design method and the FEA results.

A. Proposed Models

In the paper, the normal, the ICF and the AICF models are
proposed. All the proposed machines are spoke type IPMSMs,
i.e., concentrated flux-type synchronous motors (CFSM) with
a permanent magnets arranged diagonally in the rotor core so
that the flux density can be maximized by increasing the usage
of magnets under the condition of the same rotor outer diameter
[21]. Winding type is a concentrated winding and an Iy =0
control method is used. The core material of the stator and
the rotor is an electrical steel sheet, 50PN470. The thickness
and the iron loss density of the core material are 0.5 mm and
4.70 W/kg, respectively, when the flux density is 1.5 T at 50 Hz.
The number of poles and slots are 8 and 12, respectively. The
minimum air gap length is 0.85 mm. The outer diameter and
the stack length of the stator are 170 mm and 135 mm, respec-
tively. The residual induction of the PM is 0.38 T. The rated
speed is 2000 rpm, and the rated torque and power are 24 Nm
and 5 kW, respectively. The specifications are summarized
in Table I.

The ICF model is obtained by applying (6). The AICF is
applied under the rated load condition of the normal model be-
cause the normal model is operated only at that condition. The
magnitude and phase angle of the rated current are 30 A, and
0° for achieving the rated torque for the normal model. The rotor
shape of the AICF model is determined using (13) proposed in
this paper, considering the same rated current condition of the
normal model. For the determined and presented AICF model,
the kp calculated by (7), (12), and (15) is 0.80, and ¢ is deter-
mined as 0.34 mm. The proposed motors are presented in Fig. 6
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Fig. 6.  Configuration of the proposed models.

TABLE II
No-LoAaDp BEMF OF THE PROPOSED MODELS

Model Factor BEMF (V,ms)

Normal -
ICF
AICF

32.8
31.5

krp = 0.8, = 0.34 mm 31.3

B [Tesla]
15000
14000

040T

146 T

(a)

(b) (c)

Fig. 7. Magnetic field distribution of the rotor according to mode under the
rated load condition. (a) Normal. (b) ICF. (c) AICE.

(a) (b) (c)

Fig. 8. Flux lines according to the models under the rated load condition.
(a) Normal. (b) ICF. (¢) AICE.

shows the differences between the rotor shapes of the models.
While the normal model has a constant air-gap length, the ICF
and AICF model has a different air-gap length according to the
angle as shown in Fig. 6.

B. Comparison of the Proposed Models Using FEA

Nonlinear FEA is conducted to verify the design method
proposed in the paper. The no-load BEMFs of the proposed
models are organized in Table II. Figs. 7 and 8§ show the magnetic
flux density distributions and the flux lines of the three models
under arated load condition. As shown in Fig. 7, the normal rotor
has a high flux density on the right side and a low flux density
on the left side, relatively. However, the saturation on the right
and left side of the AICF rotor are decreased and increased,

Air gap flux density (T)

L 1 1 1
120 180 240 300 360

Electrical angle (°)

Fig. 9.  Air gap flux density waveforms of the three models.
250
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. ——ICF
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'_é 0
- 50
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-200
2250 L L L L L
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Electrical angle (%)
Fig. 10. Induced voltage of three models under the rated load condition.

relatively, in comparison with the normal model. In addition,
the variations in the saturation of the AICF rotor are larger than
that of the ICF. Thus, the magnetic flux density distribution
of the rotor becomes relatively well balanced by applying the
AICF. The air gap flux density waveforms of the three models
are shown in Fig. 9.

The peak value of the induced voltage is significant. Because
the input current is insufficient as the peak value of the induced
voltage exceeds the DC link voltage. Consequently, difficulties
in controlling the motor and a decrease in the performance
occur because the demanded current cannot be input. Thus, the
induced voltage of each model under the rated load condition
is analyzed, as shown in Fig. 10, where the peak value of the
induced voltage of the AICF model is lower than that of the
other models under the same load condition. The peak value of
the AICF model is 153.6 V and is lower by 24.8% compared
to the normal model. Fig. 11 shows the normalized magnitudes
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Fig. 12.  Calculation process of the iron loss of the motors.

of the fundamental and harmonic components of the induced
voltage obtained by fast Fourier transform (FFT). The THD of
the induced voltage of the AICF model is 4.60%. The THD
value of the AICF model is lower than that of the other models
because of the balanced distribution of the magnetic field in the
rotor owing to an asymmetric rotor shape obtained by applying
the AICF.

To verify the effectiveness of the proposed design method,
the iron losses of the two models are analyzed. Fig. 12 shows
the process of determining the iron losses, described in detail as
follows [22].

1) Step 1: Using the non-linear FEA, the flux density at
each mesh for one electrical angle period is calculated, as
the rotor is rotated under a load condition. Here, the flux
density is calculated as normal and tangential components.

2) Step 2: Using the flux density from Step 1, a Fourier
transform is performed to determine the magnitude and
phase of the fundamental and harmonic components.

3) Step 3: From the iron loss data of the material, the iron
loss corresponding to the frequency and flux density of
each harmonic is calculated, considering its phase. The
material information is based on empirical data.

4) Step 4: The sum of the iron losses owing to the harmonic
components at each mesh is calculated.

5) Step 5: The iron losses of all the meshes are added to
determine the total iron loss of the machine.

As shown in Fig. 13, the iron loss of the AICF model is also

reduced because of the balanced saturation distribution. The iron
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Fig. 13.  Iron loss of three models.
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Fig. 14.  Experimental setup.

loss of the AICF model, 115.4 W, is lower than that of the other
models because the harmonic components of the rotor magnetic
field distribution are reduced. As the iron loss increases with
the operating speed, the differences in the iron loss between the
AICF and the other models increase. Therefore, the increment
in the efficiency of the AICF model in comparison with the other
models is higher as the operating speed increases.

C. Verifications

Finally, the average torque and torque ripple of the normal
and AICF model are compared. In order to validate the proposed
design method and FEA results, the experiments are conducted
atintervals of 10 A, ¢ from 10 A5 to 60 A, 5. During the ex-
periment, the test motor is connected in series with the load, me-
chanically, through a torque sensor. The load is a 50 kW induc-
tion motor and the torque sensor is a 4503A type of KISTLER.
The measurement range of the torque sensor used in this study
is 0 ~ 100 Nm according to the options, and the maximum error
is 0.2%. With the use of an oscilloscope, the torque waveform is
identified on receiving a signal from the torque sensor; LeCroy
WaveRunner 64 Xi is used as the oscilloscope. Figs. 14 and 15
show the experimental setup and photos of the manufactured
motors, respectively. The average torque and torque ripple ac-
cording to the various load condition is shown in Fig. 16. As
shown in Fig. 16(b), the torque ripple of the AICF model is
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(a)

Fig. 15. Manufactured rotors. (a) Normal. (b) AICF.
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Fig. 16.  Average torque and torque ripple of the FEA and experiment accord-

ing to the current magnitude. (a) Average torque. (b) Torque ripple.

the lowest compared to the other model under all the current
conditions. Table III shows the torque characteristics under the
rated load condition. The average torque of the AICF model
is similar to that of the normal model. The torque ripple of
the AICF model is the lower than the normal model under the
rated load conditions. The torque ripple of the AICF model is
reduced by 33.1% in FEA compared to the normal model un-
der the rated load conditions. Likewise the torque ripple of the
AICF model is lower by 21.7% than that of the normal model
in the experiment. The torque wave of the proposed models un-
der the rated load condition is shown in Fig. 17. The average
torque is slightly different but it can be verified that the torque
waveforms of the results of the FEA and the experiment are
similar.

TABLE III
TORQUE PERFORMANCE UNDER THE RATED LOAD CONDITION

Model Model Average Torque
torque (Nm)  ripple (%)
Normal FEA 25.7 37.3
Experiment 26.3 35.5
AICF FEA 242 4.2
Experiment 249 13.8
40 —FEA
35F —— Experiment
30+
& 20
2
g 15
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= 10t
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(b)

Fig. 17.  Torque wave of the FEA and experimental result under the rated load
condition. (a) Normal. (b) AICF.

It can be concluded that the design method using the AICF
is effective not only for the torque ripple reduction but also
for the improvement of the control performance of the electric
machines owing to the decreased peak value and the THD of
the induced voltage. Further, the iron loss can be reduced in the
high-speed region and the efficiency can be increased as a result.

V. CONCLUSION

This paper proposes the use of the AICF that renders the air
gap flux density sinusoidal, considering the armature reaction
under the rated load condition. The air gap length and the rotor
shape have been determined based on the current magnitude
and the current phase angle, and an asymmetric shape is used
because of the armature reaction. In the case of the AICF model,
the torque ripple is significantly reduced compared to the normal
model. In addition, the peak value and THD of the induced volt-
age of the AICF model are lower than those of the other models
because the magnetic field distribution of the rotor in the AICF
model is relatively well balanced owing to the asymmetric rotor
shape. In addition, the iron loss of the AICF model is reduced
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because of the balanced magnetic field distribution. As a result,
the THD of the induced voltage and the iron loss of the AICF
model can be decreased by 5.25% and 33.90%, respectively,
compared to those of the normal model under the rated load
conditions. In order to verify the validity of the proposed design
method and the FEA results, load experiments were conducted.
The average torque, torque ripple, and the torque waveforms of
the experimental results are similar to those of the FEA results.
Thus, the proposed design method using the AICF is effective in
improving the torque characteristics, the control performance,
and reducing the iron loss.
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