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Abstract: In multi-pole permanent magnets (PMs) such a ring-type PMs, as multi-poles are mag-
netized in one segment, the ends of each pole are weakly magnetized, which is known as the dead
zone. Thus, when analyzing characteristics of the motor with multi-pole PMs, accurate results can
be obtained by considering the magnetization distribution. For this reason, this paper proposed
an equivalent magnetic circuit (EMC) for external-rotor surface-mounted permanent magnet syn-
chronous motors (SPMSMs) considering the dead zone to analyze the effects of the dead zone on the
characteristics of the motor. As the magnetization in the dead zone gradually decreases toward the
end of the pole, the magnetization distribution is assumed to have a trapezoidal shape. To describe
the magnetization distribution, each pole was divided into several elements, and the equivalent
residual magnetic flux density was applied to the elements of the dead zone. Finally, the validity of
the proposed EMC was verified by comparing the back electro-motive force and air-gap magnetic
flux density obtained by the EMC, finite-element analysis, and test.

Keywords: dead zone; equivalent magnetic circuit (EMC); magnetization distribution; multi-pole
permanent magnet

1. Introduction

Permanent magnet synchronous motors (PMSMs) are widely used for industrial and
household applications due to their high power density, torque density, and efficiency [1–5].
Among them, as surface-mounted PMSMs (SPMSMs) generally have a smaller cogging
torque, torque ripple, and vibration than interior permanent magnet synchronous motors
(IPMSMs) do, they are widely used for robot applications that require precise control or as a
motor for home appliances requiring low noise and vibration characteristics [6,7]. SPMSMs
also have the advantages of high manufacturing capabilities and simplicity. However,
when an external-rotor SPMSM is operated by direct-drive, the number of poles is often
increased for low-speed, high-torque characteristics. In this case, as the number of PM
segments is large and the size of the PM segment is small, the manufacturing capabilities are
decreased. In order to maximize the advantages of the SPMSM manufacturing capabilities,
SPMSMs with a large number of poles are often produced as multi-pole PMs, with multiple
poles in one segment, as shown in Figure 1a. As multiple poles are magnetized in one
segment, the ends of each pole are weakly magnetized in the magnetization process. The
magnetization distribution of this weakly magnetized region, known as the dead zone,
is described in Figure 1b [8]. The dead zone angle is determined by various factors such
as shape of the magnetizing fixture and arrangement of the magnetizing coil [9]. This

Energies 2021, 14, 3279. https://doi.org/10.3390/en14113279 https://www.mdpi.com/journal/energies

https://www.mdpi.com/journal/energies
https://www.mdpi.com
https://orcid.org/0000-0001-8129-4335
https://orcid.org/0000-0001-8637-6399
https://orcid.org/0000-0003-0675-5829
https://orcid.org/0000-0003-1633-3902
https://doi.org/10.3390/en14113279
https://doi.org/10.3390/en14113279
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/en14113279
https://www.mdpi.com/journal/energies
https://www.mdpi.com/article/10.3390/en14113279?type=check_update&version=2


Energies 2021, 14, 3279 2 of 12

dead zone changes the magnetization distribution of the PM according to its shape and
dead zone angle, which directly affects the performance of the motor, such as the back
electro-motive force (BEMF) and cogging torque [10]. This occurs because the fundamental
and harmonic components of the magnetic flux caused by the PM vary depending on the
dead zone angle. Therefore, it is essential to analyze and design the motor in consideration
of the magnetization distribution of the PM [11].
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Figure 1. Motor with multi-pole PM: (a) Configuration; (b) magnetization distribution.

Finite element analysis (FEA) and equivalent magnetic circuit (EMC) are commonly
used in design and analysis of the electric motors. With the increased computing power
and the development of commercial FEA programs, motor design and analysis using FEA
are widely utilized. However, due to the advantages of short computing time and simple
structure, EMCs are still widely studied. Although accurate results can be obtained by
using finite element analysis, it requires pre-processing and a long analysis time. In this
point of view, the equivalent magnetic circuit can be an alternative because of its fast
computation time with agreeable accuracy [12–15]. In recent years, many studies have
been conducted to improve the accuracy of the EMC while maintaining the advantages
of the short computation time of the EMC. Manju Bhashini et al. proposed an EMC for
a fractional-slot PMSM considering saturation, the fringing effect in the airgap, and the
relative motion of the rotor [16]. Haschen and Ponick proposed an improved EMC to
calculate the slot leakage flux utilizing the frozen permeability method [17]. In this paper,
the EMC for the external-rotor SPMSMs was built to investigate the effects of the dead zone
on the characteristics of the motor. To describe the dead zone of the PM using an EMC, the
PM was divided into several elements, and the magneto-motive force (MMF) of the PM
was expressed according to the circumferential position of the PM. Then, the no-load and
load characteristics of the SPMSM according to the dead zone angle were calculated and
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analyzed using the proposed EMC, and the results were compared with FEA. Finally, the
proposed EMC was verified by comparing the results of the EMC, FEA, and test.

2. Equivalent Magnetic Circuit Considering Dead Zone of Multi-Pole PMs
2.1. Motor Performance Analysis with/without Considering Dead Zone

To investigate the performance difference depending on whether the dead zone is
considered or not, 2-D electromagnetic FEA was conducted. The reference motor was a
3-phase, 48-pole, 36-slot external-rotor SPMSM using a ferrite PM, and the configuration of
the model is shown in Figure 1a with the multi-pole PM. The PM of the reference motor
used in this study had four poles magnetized in one segment, and therefore, as it was a
48-pole motor, a total of 12 PM segments were attached. Figure 2 shows the cogging torque
waveform and harmonic analysis results with/without considering the dead zone, when
the dead zone angle was 28.8◦. The cogging torque peak-to-peak values with/without
considering the dead zone was 1.29 and 2.46 Nm, respectively, which is a large difference.
This difference in cogging torque occurred because the no-load air-gap magnetic flux
changes according to the dead zone angle. It can also be seen from Figure 2b that the time
harmonic order in which the cogging torque was largely generated did not change, as the
pole/slot combination did not change. Therefore, it is necessary to analyze and design the
motor in consideration of the dead zone. Thus, an EMC considering the dead zone of the
multi-pole PM is proposed in the next section.
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Figure 2. Cogging torque with/without dead zone. (a) Waveform; (b) harmonic analysis.

2.2. Permanent Magnet Modeling Considering Dead Zone Angle

Figure 3 shows the overall circuit of the proposed EMC and the PM circuit considering
the dead zone. As shown in Figure 3, the elements of the proposed EMC consisted of
the rotor core, PM, air gap, stator slot opening, stator core, and stator slot leakage. The
magnetization distribution in the dead zone can be determined by the magnetization
fixture or applied external magnetic field [18]. However, regardless of the shape of the
magnetization distribution, the magnetization at the center between two adjacent poles is
always zero. In addition, in the dead zone, the magnetization gradually decreases toward
the end of the pole. Therefore, it can be assumed that the magnetization distribution has
a trapezoidal shape, as shown in Figure 3. As the PM has a trapezoidal magnetization
distribution, the magnetization of the PM varies linearly in the dead zone according to the
circumferential position. As shown in Figure 3, PMs were divided into elements to describe
the PM magnetization in the dead zone. Then, as the residual magnetic flux density of the
PM is proportional to the magnetization, the residual magnetic flux density in the dead
zone was modeled in a linear form with respect to the circumferential position as follows:

Br(θ) = Br
θ

θd
(1)
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and the MMF of the PM is expressed as follows:

FPM(θ) =
Br(θ)

µ0µrec
hm (2)

where FPM is the magneto-motive force of the PM, Br is the residual magnetic flux density,
hm is the PM thickness, θ is the circumferential position of each element of the PM in
electrical degrees, θd is the dead zone angle, and µ0 and µrec are the vacuum permeability
and recoil permeability, respectively.

Energies 2021, 14, x FOR PEER REVIEW 4 of 12 
 

 

( )r r
d

θB θ B
θ

=  (1) 

and the MMF of the PM is expressed as follows: 

0

( )
( ) r

PM m
rec

B θ
F θ h

μ μ
=  (2) 

where FPM is the magneto-motive force of the PM, Br is the residual magnetic flux density, 
hm is the PM thickness, θ is the circumferential position of each element of the PM in elec-
trical degrees, θd is the dead zone angle, and μ0 and μrec are the vacuum permeability and 
recoil permeability, respectively. 

 
Figure 3. Equivalent magnetic circuit considering PM dead zone. 

2.3. Numerical Solution of EMC 
The EMC can be solved in the same way as the electric circuit. By applying Kirch-

hoff’s voltage law, the permeance matrix [P], the flux source column vector [Φ], and the 
magnetic potential column vector [F] can be obtained, and their relations are as follows 
[19]: 

1[ ] [ ] [ ]ΦF P −=  (3) 

Then, with the calculated magnetic potential, the magnetic flux Φ and magnetic flux 
density B are calculated as follows: 

( ( ) ( )) ( , )= −Φij F i F j P i j  (4) 

ΦB
A

=  (5) 

where A is the cross-sectional area, and i and j are the nodes numbers. 
The nonlinear permeance was calculated in the following process [20], which is de-

scribed in Figure 4. 
1. For an arbitrary node or element (i, j, k) for the kth iteration process, magnetic flux 

density ( )
, ,
k

i j kB  is calculated based on the existing permeability ( )
, ,
k

i j kμ . 

Figure 3. Equivalent magnetic circuit considering PM dead zone.

2.3. Numerical Solution of EMC

The EMC can be solved in the same way as the electric circuit. By applying Kirchhoff’s
voltage law, the permeance matrix [P], the flux source column vector [Φ], and the magnetic
potential column vector [F] can be obtained, and their relations are as follows [19]:

[F] = [P]−1[Φ] (3)

Then, with the calculated magnetic potential, the magnetic flux Φ and magnetic flux
density B are calculated as follows:

Φij = (F(i)− F(j))P(i, j) (4)

B =
Φ
A

(5)

where A is the cross-sectional area, and i and j are the nodes numbers.
The nonlinear permeance was calculated in the following process [20], which is

described in Figure 4.

1. For an arbitrary node or element (i, j, k) for the kth iteration process, magnetic flux

density B(k)
i,j,k is calculated based on the existing permeability µ

(k)
i,j,k.

2. Then, permeability µ
(k)
i,j,k is renewed as µ

(k+1)
i,j,k using magnetic field intensity H(k)

i,j,k,

where H(k)
i,j,k is calculated by dividing B(k)

i,j,k into µ
(k)
i,j,k.
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3. If ε(k) > tolerance, the aforementioned procedure is performed again, and k is also

renewed as k + 1, where ε(k) =
∣∣∣(µ(k+1) − µ(k)

)
/µ(k)

∣∣∣× 100%.

4. If ε(k) ≤ tolerance, save the calculated parameters.

Energies 2021, 14, x FOR PEER REVIEW 5 of 12 
 

 

2. Then, permeability ( )
, ,μ k
i j k  is renewed as 1( )

, ,
k

i j kμ +  using magnetic field intensity ( )
, ,
k

i j kH , 

where ( )
, ,
k

i j kH  is calculated by dividing ( )
, ,
k

i j kB  into ( )
, ,
k

i j kμ . 

3. If ( )kε >  tolerance, the aforementioned procedure is performed again, and k is also 
renewed as k + 1, where ( )1 100( ) ( ) ( ) ( )/ %k k k kε μ μ μ+= − × . 

4. If ( )kε ≤  tolerance, save the calculated parameters. 
The flux linkage, BEMF, and torque calculation method using the proposed EMC are 

referred to [20]. 

 
Figure 4. Nonlinear magnetizing curve and convergence process. 

3. Analytical Results and Comparison with FEA 
For a 48-pole and 36-slot external-rotor SPMSM, as shown in Figure 1a, with a multi-

pole PM, the performance according to the dead zone angle was analyzed using the EMC. 
In addition, the obtained results using the proposed EMC and FEA were compared to 
validate the EMC. The specifications of the target motor are summarized in Table 1. The 
configuration of the FEA model is shown in Figure 5. The number of elements was 16,496 
and the number of nodes was 9780, the analysis was conducted by dividing one electrical 
cycle into 180 steps, and the computing time was 4 min per model. 

In addition, the total number of elements of the proposed EMC was 2207, the ele-
ments in the circumferential direction of the air gap were divided into 720 to investigate 
the effect of the dead zone angle in detail, and the computing time per model was about 
30 s. 

Table 1. Specifications of the target motor. 

Items Unit Values 
Motor type - External rotor SPMSM 

Number of poles - 48 
Number of slots - 36 

Number of phases - 3 
Permanent magnet type - Ferrite 

Residual magnetic flux density T 0.42 
Dead zone angle electrical degree 0 to 48 

Rated torque Nm 3.8 
Rated phase current Arms 3.1 

Figure 4. Nonlinear magnetizing curve and convergence process.

The flux linkage, BEMF, and torque calculation method using the proposed EMC are
referred to [20].

3. Analytical Results and Comparison with FEA

For a 48-pole and 36-slot external-rotor SPMSM, as shown in Figure 1a, with a multi-
pole PM, the performance according to the dead zone angle was analyzed using the EMC.
In addition, the obtained results using the proposed EMC and FEA were compared to
validate the EMC. The specifications of the target motor are summarized in Table 1. The
configuration of the FEA model is shown in Figure 5. The number of elements was 16,496
and the number of nodes was 9780, the analysis was conducted by dividing one electrical
cycle into 180 steps, and the computing time was 4 min per model.

In addition, the total number of elements of the proposed EMC was 2207, the elements
in the circumferential direction of the air gap were divided into 720 to investigate the effect
of the dead zone angle in detail, and the computing time per model was about 30 s.

Table 1. Specifications of the target motor.

Items Unit Values

Motor type - External rotor SPMSM
Number of poles - 48
Number of slots - 36

Number of phases - 3
Permanent magnet type - Ferrite

Residual magnetic flux density T 0.42
Dead zone angle electrical degree 0 to 48

Rated torque Nm 3.8
Rated phase current Arms 3.1
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3.1. No-Load Air-Gap Magnetic Flux Density Distribution

The air-gap flux density under the no-load condition was calculated using the pro-
posed EMC. Figure 6 shows the no-load radial air-gap magnetic flux density distribution
at dead zone angles of 0◦, 24◦, and 48◦. As the dead zone increased, both ends of the pole
became weakly magnetized. Therefore, the difference in the air-gap magnetic flux density
was particularly significant at the mechanical angles of 0◦, 7.5◦, 15◦, 22.5◦, and 30◦, which
are the ends of the poles.
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In addition, the air-gap magnetic flux density at the center of the stator tooth in the air
gap was calculated according to the dead zone angle, as shown in Figure 7.

The difference in the air-gap magnetic flux density distribution and waveform will
lead to a difference in motor performance such as cogging torque, torque ripple, and
BEMF harmonics.
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Figure 7. No-load air-gap magnetic flux density calculated using the proposed EMC according to the
dead zone angle.

In addition, the average air-gap magnetic flux density varied according to the dead
zone angle. The average air-gap magnetic flux density calculated using the proposed EMC
and FEA is shown in Figure 8. It was figured out that the average air-gap magnetic flux
density decreased with the dead zone angle, as the total MMF of the PM decreased. As the
average air-gap magnetic flux density decreased with the dead zone angle, the armature
current for the same average torque was predicted to increase. Therefore, it is essential
to analyze the motor considering the dead zone angle for accurate motor performance
prediction. It was also confirmed that the results of the proposed EMC and FEA were
well matched.
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Figure 8. Average air-gap magnetic flux density according to the dead zone angle.

3.2. Cogging Torque

The cogging torque according to the dead zone angle was calculated using the pro-
posed EMC, and its results were compared with the FEA results in Figure 9. The cogging
torque decreased and then increased from a certain dead zone angle, which was 38.4◦ in the
reference motor. As the air-gap magnetic flux density distribution was greatly affected by
the dead zone angle, cogging torque was also affected by the dead zone angle. The increase
in the dead zone angle was similar to the decrease in the pole angle of the motor, so the
cogging torque decreased and then increased with the dead zone angle. Furthermore, it
was confirmed that this trend was the same in the proposed EMC and FEA. Therefore,
using the proposed EMC, the dead zone angle at which the cogging torque was minimum
can be calculated and reflected in the design stage.
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Figure 9. Cogging torque according to the dead zone angle.

3.3. Back Electro-Motive Force and Average Torque

The amplitude of fundamental BEMF and average torque according to the dead zone
angle was calculated using the proposed EMC and FEA, as shown in Figure 10. The BEMF
was calculated at the rotational speed of 1000 rpm, and the average torque was calculated
under the rated current condition. The amplitude of the fundamental BEMF and average
torque decreased with the dead zone angle, because the increased region of the weakly
magnetized PM led to a decrease in the total MMF of the PM. Therefore, the armature
current to satisfy the same average torque increased with the dead zone angle. However,
as can be seen from the waveform of the no-load air-gap magnetic flux density in Figure 7,
the air-gap magnetic flux density waveform became sinusoidal with the dead zone angle.
Accordingly, it was predicted that the harmonic component of the BEMF and torque ripple
will decrease with the dead zone angle. Moreover, it was confirmed that the results of the
proposed EMC and FEA were well matched.
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Figure 10. BEMF and average torque according to the dead zone angle. (a) Fundamental BEMF;
(b) average torque.
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4. Verification

In order to verify the proposed EMC, verification was performed through the no-load
test of the reference motor. First, as it was difficult to measure the exact dead zone angle
of the reference motor, the dead zone angle of the reference motor was estimated by an
indirect method. As the waveforms of the air-gap magnetic flux density of the motor and
the dead zone angle had a very direct relationship, which is shown in Figures 6 and 7
in Section 3, the air-gap magnetic flux density was measured to estimate the dead zone
angle of the reference motor, as shown in Figure 11. A gauss meter probe was attached to
measure the air-gap magnetic flux density at the position corresponding to the center of
the stator’s tooth in the air gap, and the air-gap magnetic flux density was measured while
rotating the rotor electrically 360◦. Then, the normalized root-mean-square error (NRMSE)
of the air-gap magnetic flux density waveform obtained using the proposed EMC was
calculated according to the dead zone angle. Here, NRMSE is expressed as follows:

NRMSE =

√√√√ 1
N

×
N

∑
i=1

(
yi,test − yi

max(ytest)− min(ytest)

)2

× 100% (6)

where y is the response’s value, which is the air-gap magnetic flux density, and N is the
number of data points. The calculation process of the NRMSE of the air-gap magnetic flux
density is shown in Figure 12, and the NRMSE according to the dead zone angle is shown
in Figure 13. Among them, the dead zone angle with the minimum NRMSE was estimated
as the dead zone angle of the reference model.
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Figure 13. NRMSE of the air-gap magnetic flux density according to the dead zone angle.

Here, the NRMSEs obtained using the FEA were also compared. The NRMSEs of the
proposed EMC and FEA had minimum values of 2.32% and 1.89%, respectively, where
the dead zone angles were 31.2◦ and 28.8◦, respectively. It was confirmed that the dead
zone angle with minimum NRMSE was similar in FEA and the proposed EMC. The air-gap
magnetic flux density waveform and the BEMF waveform at 1000 rpm were compared to
the test result, as shown in Figure 14. The results of the EMC were calculated at 31.2◦, and
the FEA results were calculated at 28.8◦. As can be seen in Figure 14, the results of the test,
FEA, and the proposed EMC were well matched. The fundamental BEMFs of the proposed
EMC, FEA, and test were 219.6 Vrms, 218.6 Vrms, and 221.9 Vrms, respectively. The errors of
the BEMF of the proposed EMC and FEA were 1.04% and 1.49%, respectively.
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5. Conclusions

In this paper, an EMC of an external-rotor SPMSM was proposed considering the
magnetization distribution of the PM. Using the proposed EMC, the tendencies of no-load
air-gap magnetic flux density, cogging torque, BEMF, and average torque according to the
dead zone angle were analyzed. The analysis results of the proposed EMC were similar
to those of FEA, and the computation times of the proposed EMC and FEA were 30 s and
4 min, respectively. Considering that FEA requires pre-processing, it was confirmed that
the proposed EMC had a practical advantage. In addition, for the reference external rotor
SPMSM with a multi-pole PM, the dead zone angle was estimated using the proposed
EMC, and its results were compared with FEA. It was confirmed that the results of FEA
and the proposed EMC were well matched. Finally, the validity of the proposed EMC was
verified by confirming that the NRMSE of the air-gap magnetic flux density and relative
error of the fundamental BEMF were 2.32% and 1.04%, respectively. Therefore, using the
proposed EMC, it is expected that the dead zone can be considered in the design stage
without FEA. In a future study, the accuracy of the analysis results and computation time
according to the number of elements in the dead zone region and nondead zone region
according to the dead zone angle will be investigated. It is expected to provide the ability
to construct an EMC with the same accuracy and a shorter computation time.
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