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The harmonics of the induced voltage under load conditions cause the deterioration of the motor performance.

It occurs when the peak value of the demand voltage exceeds the DC link voltage. In this paper, thus, to reduce

the induced voltage harmonics under load conditions, an asymmetric rotor design method using the advanced

inverse cosine function (AICF) is proposed. Using this method, the rotor shape is determined by considering the

armature reaction under certain load condition. As a result, an improved concentrated flux synchronous motor

(CFSM) achieving the required performance is designed. Lastly, the induced voltages waveforms of the pro-

posed motors under the load conditions are compared through finite-element analysis (FEA) as well as experi-

ments.
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1. Introduction

A variety of electrical motors are used for industrial

equipment, medical equipment, home appliances, auto-

mobile parts, robots, etc. Especially, they have become

essential components of vehicles as many automobile

parts are applying electrical equipment. The harmonics of

the induced voltage, however, has become a new issue as

the usage of synchronous motors has increased in the

automobile field [1, 2]. This is because the motors for

automotive applications have high power density due to

their space and weight limitations. In addition, this issue

is becoming increasingly important because the motors of

automobiles should be able to operate under the voltage

limitation due to the battery usage in vehicles. If the peak

value of the induced voltage under load conditions is

partially higher than the DC link voltage as shown in

Fig. 1, the inverter cannot apply the demand magnitude or

waveform of the current to the armature coil. Therefore,

the actual performance of the motor will decline com-

pared to the predicted performance [3-5]. This is because

only the fundamental harmonic is considered for the d, q-

axis equivalent circuit of the electric motors, which is

generally used to predict the performance of the motors.

Consequently, if the harmonic components of the induced

voltage are not considered in the design method, the

required speed or torque performance cannot be achieved.

In this paper, an asymmetric rotor design method for

the synchronous motor using the advanced inverse cosine
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Fig. 1. (Color online) Induced voltages at 2000 and 8000 rpm.
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function (AICF) is proposed. This is a novel design

method that can achieve sinusoidal flux linkage and

inductance waveforms at the air gap under a specific load

condition considering the operation point of the machine.

Therefore, the reference motor with a cylindrical rotor

shape and the improved motor with an asymmetric rotor

shape designed by using AICF are proposed. Finally, the

induced voltage of the improved motor will be compared

with that of the reference motor to verify the analysis and

design methods. Consequently, it is inferred that the

machine performance is not deteriorated because the peak

value of the demand voltage does not exceed the DC link

voltage due to the proposed design method using AICF.

2. Design Method Using Advanced Inverse 
Cosine Function (AICF)

A new design method is proposed herein to reduce the

harmonics of the induced voltage under the load condi-

tion. Therefore, AICF as the new function is derived and

proposed to make the sinusoidal air gap flux density

considering the operating point of the motor.

AICF is an equation that adjusts the air gap length by

considering the effect of the armature reaction. For the

convenience of the analytical approach, the permeability

of the magnetic core is assumed to be infinite. In addition,

it is assumed that the magneto-motive force (MMF)

distribution by the armature winding can be considered

sinusoidal because only the fundamental component of

the armature MMF is considered in this study, regardless

of the winding method. Figure 2 is a simplified re-

presentation of the air gap MMF by the PM as well as

armature winding under load conditions. In Fig. 3, the red

line with the square symbol as the total air gap MMF is

the sum of the MMFs by the PM and armature winding

shown in Fig. 2. Consequently, the armature reaction

causes a decrease in the total air gap flux density under

one half of the pole, and an increase under the other half.

AICF enlarges the air gap length of the area where the air

gap flux density is increased by the armature reaction. On

the other hand, it reduces the air gap length of the area

where the flux density is declined by the armature

reaction. Therefore, through the uneven air gap length,

the air gap flux density distribution is rendered sinusoidal,

as shown in Fig. 4. 

The air gap flux density of motors can be described as

the periodic function of (1) according to angle θ.

,  (1)

where lg(θ) is the air gap length by θ, μ0 is the perme-

ability of the vacuum, Fg is the air gap MMF, Bmax is the

maximum value of the air gap flux density, and θ varies

from −90o to +90o in the electrical angle. As can be seen

in Fig. 4, the total air gap MMF can be expressed as (2)

measured from the center of the N pole.

,  (2)

where Fm is the air gap MMF of the PM, Fw is the air gap

Bmax cosθ = 
μ0Fg

lg θ( )
--------------

Fg = Fm Fw–  sin θ β+( )

Fig. 2. (Color online) Air gap MMF distribution by armature winding and PM.

Fig. 3. (Color online) Total air gap MMF distribution consid-

ering armature reaction.
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MMF of the armature current, and β is the current phase

angle. Hence, equations (3)-(5) are generated by sub-

stituting (2) into (1).

,  (3)

where

(4)

,  (5)

where lmin, is the minimum value of the air gap length. As

an example, for the maximum air gap flux density on the

d-axis position, if the flux density is sinusoidal, the d-axis

air gap length can be lmin. The first term on the right side

of (3) is the air gap length derived from the inverse cosine

function (ICF), and the second term is added considering

the effect of the armature reaction through the proposed

AICF [6, 7]. As can be seen in (3), kF is an important

factor that determines the asymmetric shape of the AICF

model and is defined as the ratio of the air gap MMF due

to the PM to the air gap MMF provided by the armature

reaction. As kF increases, the shape of the rotor becomes

more asymmetric.

To determine kF, Fm and Fw should be calculated. Fm

can be calculated using the equivalent magnetic circuit,

which is shown in Fig. 5. Fr and Rm are the equivalent

MMF and the equivalent reluctance of the PM, and Rg is

the air gap reluctance. Fr can be calculated using equation

(6). Fm can be calculated using equation (7), according to

the equivalent magnetic circuit, and Fw can be calculated

using equation (8).

(6)

(7)

, (8)

where Fr and Fm are the MMF source produced by the

PM and the MMF of the PM at the air gap, respectively;

Fw is the MMF of the armature winding at the air gap; Br

is the residual induction; lm is the thickness of the PM; Rm

is the internal reluctance of the PM; kw is the winding

factor; Nph is the series of turns per phase; Irms is the rms

current; and pp is the number of pole pairs.

The air gap length is the minimum length determined

considering the mechanical stability and manufacturing

tolerance. As shown in Fig. 6, however, the air gap length

of the AICF model was partially decreased when AICF

was applied using equation (3). Accordingly, offset δ of

lg θ( ) = 
lmin

cosθ
------------ − kF

lmin sin θ β+( )
cosθ

----------------------------------

lmin = 
µ0Fm

Bmax

-------------

kF = 
Fw

Fm

-------

Fr = 
Brlm
μ0

----------

Fm = 
Fr

Rm Rg+
------------------Rg

Fw = 1.5kw
2NphIrms

2pp
------------------------

Fig. 4. (Color online) Air gap MMF and flux density considering armature reaction.

Fig. 5. (Color online) Equivalent magnetic circuit of the per-

manent magnet motors.

Fig. 6. (Color online) Rotor shape considering δ offset.
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the rotor surface was applied to equation (3) for the

modification of the minimum air gap length to secure

mechanical stability. Offset magnitude δ of the AICF

model was determined to ensure that the minimum air

gap length of the AICF model would be equal to the air

gap length of the conventional cylindrical rotor shape

model. Thus, δ can be defined as equation (9).

 (9)

The modified air gap length was determined by off-

setting the rotor surface in a radially inward direction by

as much as δ from the rotor shape of the AICF model

calculated using equation (3). Consequently, equation (3)

was modified to equation (10).

 (10)

Figure 6 shows the difference in the rotor shapes using

equations (3) and (10) as an example.

3. Verifications of the Proposed 
Design Method

3.1. Analysis Model

In this paper, two analysis models are presented. The

first one is the reference model having a cylindrical shape

of rotor. The second one is the improved model having an

asymmetric shape. The improved motor was designed

based on AICF by using equation (10). Considering the

22 Nm at 3000 rpm load condition, which is the target

operating point of the proposed motors, kF was deter-

δ = lmin minimum–
ld

cosθ
------------ kF

ld sin θ β+( )
cosθ

------------------------------–⎝ ⎠
⎛ ⎞

lg θ( ) = 
lmin

cosθ
------------ kF

lmin sin θ β+( )
cosθ

---------------------------------- + δ–

Fig. 7. (Color online) Shape of the motor (a) Reference motor: Cylindrical (b) Improved motor: AICF.

Fig. 8. (Color online) Induced voltage waveforms of reference

and improved motor.

Table 1. Specifications of the proposed motors.

Quantity Unit Specification

DC voltage VDC 280

Power kW 6.9

Torque Nm 22

Speed rpm 3,000

Outer diameter mm 170

Stack length mm 135

Fig. 9. (Color online) Manufactured rotor and core shape (a)

Reference motor (b) Improved motor.
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mined to be 0.90. In addition, δ was calculated as 0.34

mm. The shapes, induced voltage waveforms, and specifi-

cations of the motors are shown in Fig. 7, Fig. 8, and

Table 1, respectively. As shown in the Fig. 7, the

reference motor has the cylindrical shape rotor, and the

improved motor has the asymmetric shape rotor.

3.2. Verification

To verify the proposed method, proposed motors are

manufactured and experiments using the proposed motors

were conducted under load conditions. The manufactured

rotors and core shapes of the reference and improved

motors are presented in Fig. 9, and Fig. 10 shows the

experiment set for the load tests. The load test requires a

driver, controller, dynamometer, power analyzer, oscillo-

scope, etc. For the test, the test motor is operated by the

torque control and the load motor is operated by the speed

control. Input voltage and current are measured by using

voltage and current probes as well as oscilloscope, and

input power is calculated through the power analyzer.

Output power is calculated by measuring the torque and

rotational speed. The test is conducted at two different

operating points under the conditions of 16 Nm at 1500

rpm and 22 Nm at 3000 rpm. Figure 11 presents theFig. 10. (Color online) Experiment set for the load tests.

Fig. 11. (Color online) Induce voltage of the motors under 16

Nm at 1500 rpm condition (a) reference motor (b) improved

motor.

Fig. 12. (Color online) Induce voltage of the motors under the

target load condition of 22 Nm at 3000 rpm (a) reference

motor (b) improved motor.
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induced voltage waveforms of the proposed motors under

the 16 Nm at 1500 rpm load condition obtained from the

simulations and experiments. As shown by the results, the

induced voltage in both motors did not exceed the voltage

limitation. The voltage limitation was the value of the

maximum line-to-line voltage calculated from the DC

link voltage. On the other hand, given the results under

the 22 Nm at 3000 rpm load condition, the actual operat-

ing point of the machine, the induced voltage of the

reference motor obtained from the FEA obviously exceeds

the voltage limitation, as shown in Fig. 12(a). The actual

induced voltage obtained from the experiment, however,

cannot exceed the voltage limitation physically. Conse-

quently, the required current or sinusoidal current wave-

form cannot be applied to the reference motor to fulfill

the required performance. Under the same load condition,

however, the induced voltage of the improved motor does

not exceed the voltage limitation, as shown in Fig. 12(b).

As such, the required current can be applied to the motor,

and the required performance can be achieved. It can be

concluded that the demand current waveform for the

reference motor cannot be applied at the operating point

because of the induced voltage, contrary to the improved

motor.

4. Conclusion

As pointed out in the introduction, the harmonics of the

induced voltage cause the performance deterioration of

the electric motors. Therefore, in this study, a asymmetric

rotor design method using the AICF was proposed, and

an improved motor was designed by using the ACIF.

Given that the experimental results, the harmonic distortion

of the induced voltage of the improved motor was lower

than that of the reference motor. As such, the induced

voltage of the improved motor does not exceed the

voltage limitation, contrary to the reference motor. Conse-

quently, it can be concluded that the proposed design

method will be helpful in designing high-performance

synchronous motors.
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