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The principle of tolerance design is receiving increased research focus to determine the optimal tradeoff between manufacturing 

price and quality. However, current tolerance designs are not suitable for products such as electromagnetic devices that require high 
reliability, i.e. a very small failure rate. In this paper, new tolerance design problem with high reliability is formulated. As an 
alternative, a reliability-based tolerance design is proposed in order to guarantee the reliability of the products while maximizing 
manufacturing tolerances. The proposed method quantifies the reliability using reliability analysis, which is reflected in the tolerance 
design. To validate the proposed method, our tolerance design is applied to two examples: a magnetic circuit and an IPM motor that 
contains tolerances of PM. 
 

Index Terms— Electromagnetic devices, Optimization method, Permanent magnet motors, Reliability, Tolerance analysis.  
 

I. INTRODUCTION 

n manufacturing, the tolerances of industrial products are 
inherent and inevitable giving rise to defective products. 

While design engineers would like to assign narrowed 
tolerances for the quality of products, manufacturers usually 
prefer to have wider tolerance due to the cost and difficulty of 
tolerance control. Thus, designers have to balance between 
maintaining quality and keeping manufacturing prices down 
through tolerance design.  

Tolerance design techniques to find the best compromise 
between manufacturing price and quality is being extensively 
researched [1]. Out of them, Taguchi proposed an overall 
quality control system in order to produce robust products. In 
his books, the quality of a product is defined as the loss 
incurred due to the deviations of the products’ characteristics 
from their target values. With the assistance of loss functions, 
several researchers have redefined the relationship between 
quality loss and manufacturing cost in one equation. However, 
these methods cannot provide a final design solution but only 
the direction to the optimum solution [2]. Thus, previous 
tolerance design techniques are not suitable for products such 
as electromagnetic devices that demand high reliability, i.e. a 
small failure rate.  
In this paper, new tolerance design problem with high 
reliability is formulated and performed. As an alternative, 
reliability-based tolerance design proposed in this research 
quantifies reliability using reliability analysis, which is 
reflected to optimization of tolerance design. Because the 
proposed method uses directly statistical information of 
tolerance, it is accurate compared to existing approaches to 
consider in the design only the range of tolerance for 
simplicity. Therefore, it is suitable in the systems that require 
high reliability or have nonlinearity. To validate the proposed 
method, two examples are employed. First, a magnetic circuit 

is introduced as a mathematical example [9]. Its formulation is 
partly modified, with the relationship between the magnetic 
field and the induction values in the iron unchanged. Secondly, 
as an engineering example, the tolerance design of the 
released interior permanent magnet (IPM) motor that contains 
the tolerances of permanent magnet (PM) is performed. The 
failure rate of the IPM motor is defined as the specified value 
of the back electro motive force (EMF), which is influenced 
significantly by the tolerances of the PM. Therefore, it is 
necessary to employ tolerance design optimization in which 
the failure rate of the products is maintained within the 
required reliability while still maximizing the tolerances of 
PM. The quantification of the reliability of the IPM motor is 
estimated based on 5,232 data of IPM motors made by Keyang 
Electric Machinery, Korea. 

II. TOLERANCE DESIGN 

As mentioned above, a quantitative measurement of the 
economic loss proposed by Taguchi is unable to control the 
allowable tolerances because its measurement has no direct 
relation to the tolerance range. Thus, measurements with 
relation to the tolerance range have been alternatively 
researched to enable the demanded tolerance range for quality 
to be ensured at low cost [4]. In this paper, we use the inverse 
power machining cost-tolerance model [5] given by  
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where δ is the tolerance range of design variable and c0 and c1 

are the model parameters usually determined by curve fitting 
from the empirical data for a particular machining process. 
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where toleranceX  is the representative value of design variable, 

tolerance  is the tolerance range of design variable and ε is the 

range of response due to range of tolerance. Therefore, gj 
indicates that the maximum of the response is smaller than the 
allowed tolerance. Current tolerance designs use adverse 
condition of tolerance to evaluate the constraints. They are 
usually effective because the maximum value of response is 
determined by the terminal boundary value of tolerance range 
of design variable. Worst case tolerance design of magnetic 
devices is a typical example of them. In a complex and 
nonlinear system, the distribution of response may be skewed 
or asymmetric over the tolerance range. This can happen even 
though all of the distributions of design variables with 
tolerances are symmetric. The system may also have nonlinear 
or variable constraints over the tolerance range. This can 
happen that the maximum value out of responses is not 
determined by the terminal boundary value of tolerance range 
of design variable. In these cases, current designs are 
unsuitable for employing tolerance design. Therefore, a 
method that is able to quantify the system reliability in the 
design process is needed and will be demonstrated in next 
chapter.  

III. THE SYSTEM RELIABILITY 

The probability of a system to satisfy the design 
requirement under tolerances is referred to as reliability [6]. 
Thus, the reliability is defined as 

  



cY

X dfcYPR
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)()(
x

xxx  (3) 

where )(xY  is the performance function related to the design 

requirement. The probability density function (PDF) of limit 
state function is )(xXf . R is the probability that is greater 

than requirement, c.  In contrast, the probability that will not 
satisfy the design requirement is the failure rate.  

If the reliability of the system is considered in an early stage 
of design, designers can systematically reduce the defective 
proportion of the product by a satisfactory level. In addition, it 
helps designers to save cost and time of the whole design 
process by preventing design feedback that may often result 

from unsatisfactory quality of the product.  
For these reasons, many methods to obtain system 

reliability have been developed. Among them, in this paper, 
Akaike information criterion (AIC) method is considered as a 
reliability analysis technique. The AIC method was developed 
to determine the best estimated distribution in statistics [7]. 
This method is not based on any assumption on statistical 
information of tolerance since it directly uses discrete and 
limited data. Also, it is easy to implement, and its result is 
robust for the nonlinearity of responses. Recently, due to these 
advantages, the AIC method has been applied in engineering 
as a method to evaluate reliability [8]. AIC is defined in (4). 

)model    theof  parameters  free  ofnumber  (2

)model    theof  likelihood  log  maximum(2AIC




 (4) 

We interpret the result in (4) as follows. The first term in (4) 
is a measure of inaccuracy, badness of fit, or bias when the 
MLE of the parameters of the model are used. The second 
term, on the other hand, is a measure of complexity or the 
penalty due to the increased unreliability or compensation for 
the bias in the first term which depends upon the number of 
parameters used to fit the data.  

Thus, when there are several competing models the 
parameters within the models are estimated by the method of 
maximum likelihood and the values of the AIC's are computed 
and compared to find a model with the minimum value of AIC. 
This procedure is called the minimum AIC procedure and the 
model with the minimum AIC is called the minimum AIC 
estimate (MAICE) and is chosen to be the best model. 
Therefore, for us the best model is the one with least 
complexity, or equivalently, the highest information gain. In 
applying AIC, the emphasis is on comparing the goodness of 
fit of various models with an allowance made for parsimony. 
Fig. 1 shows the minimum AIC procedure how it estimates the 
best model and its parameters from the data. 

IV. RELIABILITY-BASED OPTIMUM TOLERANCE DESIGN 

A. Example: a magnetic circuit 

In this section, reliability-based optimum tolerance design 
problem with high reliability is formulated. Because the 
proposed method uses directly statistical information of 
tolerance, the general formulation that use cost-tolerance 
model based on tolerance range need to be converted into the 
form using statistical information of tolerance, mean and 
deviation. Thus, the mean and deviation of the tolerances are 
considered as design variables, not range of the tolerances. 
The cost-tolerance model and failure rate based reliability 
analysis are used as the objective function and constraint 
functions, respectively. Modified formulation for reliability-
based optimum tolerance design can be expressed as 
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Fig. 1.  Estimation procedure using AIC method.  
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where toleranceμ  is a set of the means of design variables, 

toleranceσ  is a set of the variances of design variables due to 

their tolerances and Gj is the probability that will not satisfy 
the design requirement, allowed tolerance. It must be smaller 
than the required failure rate. 
Compared to other tolerance design techniques, the proposed 
method can be conducted under the condition requiring a 
failure rate since the reliability analysis is simultaneously 
performed with the tolerance design. 

B. Example: a magnetic circuit 

Using the proposed method, an optimum tolerance design 
procedure to evaluate system reliability is developed as 
illustrated in detail in Fig. 2. The reliability evaluation in the 
left shaded box of Fig. 2 that estimate the system reliability to 
satisfy the design requirement is called MAICE loop. This 
procedure is continually employed during the optimization 
iteration. The primary optimization procedure shown in the 
center shaded box of Fig. 2 carries out design optimization 
based on sequential quadratic programing (SQP) method in 
MATBAL. The reliability and its sensitivity are computed at 
reliability evaluation using MAICE in the left shaded box. 

C. Example: a magnetic circuit 

A magnetic circuit has been considered to illustrate the 
characteristics of the proposed method. The number of turns is 
fixed at 400, while the nonlinear function expressing the 
relationship between the magnetic field and the induction 
values in the iron is assumed to be given by the following 
approximated mathematical form [9]: 

   IN
X

BXBBB air
fefefefefe 

0

226.1exp1.765.129


 (6) 

where Bfe and Bair are the magnetic field values in the iron and 
in the air gap, respectively, while Xfe is the total magnetic path 
length in the iron, Xair is the length of the air gap, and I is the 
value of the current injected in the coil. 

The example definition can now be stated: suppose that the 

required induction field value is Bnorm
fe =1T, and that the 

maximum allowed tolerance on Bnorm
fe is ±5%. Suppose that 

the input parameters, {Xair, Xfe, I}, have uncertainty due to 
tolerance. Table I shows the input parameters, boundary 
conditions and initial values. Suppose that the distribution of 
the tolerance is the normal distribution. The problem consists 
of calculating the set of values for {μ(Xair), μ(Xfe), μ(I), σ(Xair), 
σ(Xfe), σ(I)} which ensures the widest possible set of 
tolerances for {σ(Xair), σ(Xfe), σ(I)} while maintaining the 
required reliability, 95%. The formulation of the problem is 
defined as 
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where g(μ,σ) is Bfe value that fulfills the  condition in (6). Thus, 
the constraint, G, means that the failure rate in not satisfying 
the allowed tolerance is smaller than 5%.  

Note that the reliability-based optimum tolerance design 
produces a better result than the result of the reference method 
using the tolerance design in terms of system reliability [9]. 
Fig. 3 shows the PDF of the induction field value, Bfe, at 
optimum. The proposed method searches the optimum which 
fulfills the required system reliability within the maximum 
allowed tolerance on Bnorm

fe. On the other hand, the reference 

Fig. 2. Flowchart of reliability-based optimum tolerance design using MAICE. 

 
Fig.  3 PDF of Bfe between the results of proposed and reference method 

TABLE I 
PARAMETER DEFINITION FOR THE MAGNETIC CIRCUIT 

Parameter Search range INITIAL VALUE unit 

μ(Xair) [0.2, 0.7] 0.5 cm 
μ(Xfe) [10, 50] 30 cm 
μ(I) [10, 30] 20 A 
σ(Xair) [0.002, 0.02] 0.01 cm 
σ(Xfe) [0.1, 1] 0.5 cm 
σ(I) [0.1, 1] 0.5 A 

TABLE II 
OPTIMAL SOLUTION FOUND BY PROPOSED METHOD 

 Reference method Proposed method 

Parameter 
[0.47, 50, 10.3, 
 0.002, 1, 0.26] 

[0.7, 50, 14.6,   
 0.002, 0.97, 0.31] 

Cost (Obj.) 69.2243 77.3814 
Failure rate [%] 12.6 4.97 
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method only has a system reliability of 87%, i.e. a failure rate 
of 13% as shown in Table II. The difference between the 
result of proposed method and reference method is attributed 
to quantifying the system reliability as a constraint. 

V. MANUFACTURING TOLERANCE OF IPM MOTOR 

Design of an IPM motor based on finite element analysis 
(FEA) has gained much attention in industry because 
interactions between the configurations of the motor are 
various and complex. However, although the IPM motor is 
designed with FEA, the performances of industrial products 
tend to decline compared with those of FEA due to 
manufacturing tolerances and can’t be satisfied with those 
desired performance in certain cases. In particular, as shown in 
Fig. 4, the manufacturing tolerances of PM occur in 
manufacturing process. In this case, irregularly coated PM 
which is glued into the interior of the rotor not pressed causes 
defective products dissatisfied with back EMF. Thus, it is 
necessary to employ a reliability-based optimum tolerance 
design that can consider system reliability. 

A. Analysis model 

The motor selected in this paper is used for electric sub-
water pump of hybrid vehicle as shown in Fig. 4. The rated 
power and the rated speed are 150 W and 3200 rpm. The detail 
specifications of this motor are listed in Table III. This motor 
is driven by rectangular voltage waveforms coupled with a 
given rotor position. The FEA of an IPM motor is performed 
by Maxwell 14.0, commercial FEA program. 

B. Analysis of manufacturing tolerance from real 
experiment data 

Tolerances can break out any parts of the motor, but the 
tolerances of PM are especially the decisive factor in the 
variation of performances. In the manufacturing process, 
irregularly coated PM is glued into the interior of the rotor 
rather than being pressed. Therefore, the thickness tolerances 
of the coating and space between the rotor and PM are 
considered as a possible problem that gives rise to defective 
products. In this research, we carry out inspections on the back 
EMF of 5232 IPM motors made by Keyang Electric 
Machinery. The histogram on the real experiment data from 
the industrial products and estimated PDF from AIC method 
are shown in Fig. 5. 

C. Reliability-based optimum tolerance design of IPM 
motor 

The problem definition is stated as follows: the required 
back EMF value is E =0.819V. Suppose that the thickness and 
width of the PM have uncertainties due to the manufacturing 

tolerances. Table IV shows the input parameters and boundary 
conditions. Suppose that the distribution of the tolerances is in 
a normal distribution. The problem consists of calculating the 
set of values for {μ(Thickness), μ(Width), σ(Thickness), 
σ(Width)} which ensures the widest possible set of tolerances 
for {σ(Thickness), σ(Width)} while the system reliability 
fulfills the required reliability, 99.9%. The formulation of 
reliability-based optimum tolerance design for IPM motor can 
be expressed as 
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where g1 is the constraint on the back EMF that fulfills the  
required back EMF. The g2 and g3 are the constraints of the 
minimum that is possible to insert PM into rotors. The mean 
and the deviation of the thickness and width are considered as 
the design variables. The required failure rate of the back EMF 
and the allowable coated space in PM are treated as the design 
constraints. The demanded failure rate is 0.1%, which is 
smaller than the currently released motor, 0.18%. 

D. Result 

Finally, we can find the optimum as given in Table V. The 
objective function, i.e. the manufacturing cost value, is 
increased by 3.5% compared with the present products. 
However, the number of defective motors is reduced from 18 
to 7 per ten thousand due to the proposed method, as shown in 
Table V. Fig. 5 shows the PDF of the back EMF of the present 
design and the optimum design. As a result, it tells us to find 

TABLE III 
MAIN SPECIFICATIONS AND REQUIREMENTS OF IPMSM 

 Value Note 

Type IPMSM - 
Slot 6 - 

Power 150 W @3200rpm 
DC link voltage 12 Vdc - 

Current limit 15 Arms - 

 
 
Fig.  4 Cross and side section view of fabricated rotor 

Fig.  5 PDF of the back EMF between the present design and the optimum
design 
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the best compromise between manufacturing price and quality. 

VI. CONCLUSION 

In order to balance the conflict design targets between the 
manufacturing tolerances and the demanded high reliability, 
i.e. small failure rate, for electromagnetic devices, in this 
paper, a reliability-based optimum tolerance design method 
was proposed. The method quantified the reliability using a 
reliability analysis technique, which is reflected to 
optimization of the tolerance design. Due to this characteristic, 
it is more appropriate for the products that demand high 
reliability than other present tolerance design techniques that 
consider constraint as the only confidence interval. We tested 
this approach in two different problems. First, the result of 
magnetic circuit example presented by Sancho et al. [9] 
showed the higher reliability than the reference result. 
Secondly, the tolerance design of the IPM motor considering 
the tolerances of PM caused by mass-production was 
performed. The formulation was defined by the proposed 
method, which was reflected that the statistical information of 
the product provided by the industry, Keyang Electric 
Machinery. The result also satisfies the required performance, 
EMF, in spite of the conflicting constraints, which are high 
reliability and manufacturing cost. Thus, the proposed method 
was successfully validated, and we expect that this method 
will be a helpful tool for manufacturers. 
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TABLE IV 
PARAMETER DEFINITION FOR IPM MOTOR 

Parameter Search range Present design unit 

μ(thickness) [2, 3] 2.75 mm 
μ(width) [10, 12] 11.75 mm 

σ(thickness) [0.01, 0.1] 0.03 mm 
σ(width) [0.01, 0.1] 0.04 mm 

TABLE V 
RESULT OF THE OPTIMUM TOLERANCE DESIGN IN IPMSM 

 Present design Optimum result 

Parameter [2.75, 11.75, 0.03, 0.04] [2.81, 11.67, 0.025, 0.049]
Cost (Obj.) 58.333 60.408 

Failure rate [%] [0.18, 0.01, 0.01] [0.07, 0.1, 0.1] 




