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Abstract— An analytical method used to predict the 
magnetic field in an interior permanent magnet (IPM) mo-
tor, is developed and validated in this paper. By using space 
harmonic analysis and conformal transformation (or con-
formal mapping (CM)) techniques, the air-gap magnetic 
field distribution, with considering of stator slots effect and 
rotor saliency effect, is precisely calculated. The accuracy of 
this analytical method is confirmed by the 2-dimensional 
finite element analysis (FEA). The analytical method can 
produces results much faster than FEA alone.  

I.  INTRODUCTION 

Interior permanent magnet (IPM) machines are well 
known and have been used in a variety of important ap-
plications, especially in variable-speed control system. 
IPM machines have some superior advantages due to their 
unique rotor structures, such as high torque and power 
density, adapting to flux-weakening operation in high 
speed, reduced permanent magnet (PM) requirements [1], 
[2].  

The IPM motor is generally divided into stator part and 
rotor part. The stator is the same with the conventional 
surface PM motor, and the rotor part is composed of in-
serted permanent magnets and buried air-gaps, called flux 
barrier areas [2]. Because of the unique interior structure 
of the rotor, the separation of PM caused by the centrifu-
gal force at high speed can be avoided because the PM is 
inserted into the rotor core, and on the other hand, IPM 
motor exhibits two torque components: PM torque pro-
duced by inserted PM, and reluctance torque dues to the 
rotor magnetic saliency, thus it exhibits a high torque-to-
volume ratio [1]- [3]. 

The field characteristics of IPM motors are quite sensi-
tive to the geometry of stator and rotor due to the small 
air-gap [1]. For this reason, in this developed analytical 
method, for precisely predicting the magnetic field distri-
bution, the rotor saliency effect on the effective air-gap 
distribution and stator slot openings effect on the flux 
density distribution are taken into account, which are re-
spectively considered by introducing the concept of “rela-
tive permeance”. And both of them are dealt with con-
formal mapping (CM) method, which is a kind of trans-
formation technique in essence. In this paper, the advan-
tage of adopting CM techniques is observed from results 
comparison with the “assumed field pattern” used for 
approximate calculation mentioned in [1], [3]-[5].  

The results yielded by the developed analytical method 
are verified by comparison with those obtained from 2-
demensional (2-D) finite element analysis (FEA).  
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Fig.1. IPM model configuration 
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Fig.2. Flux barrier area in IPM rotor interior 

 

II. MAGNETIC FIELD ANALYSIS 

A. Descriptions of Model and Assumptions 

Fig. 1 shows the topology of an IPM model. It has 4-
poles and 16-slots, with parallel magnetization PMs. In 
order to simplify the magnetic field calculation, the fol-
lowing assumptions are made first [2], [4]-[5]: 
 
a)  Saturation effect is not considered (with exception for 

the magnetic ribs areas). 
b)  The slot openings are simplified to a rectangular shape. 
c) The magnetic field distribution in the air-gap is deter-

mined from the product of the magnetic field pro-
duced by magnets and relative permeance. 

d) The magnetic field developed by the magnets is ob-
tained from 2-D solution of Poisson’s equations by as-
suming a smooth stator surface, i.e. slotting is ne-
glected. 

B.  Magnetic Fields in IPM 

In the IPM model, flux dispersion is developing in the 
air-gap because the magnet flux passes through rotor core, 
that makes sure flux radially enters into the air-gap field, 
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Fig.3. Magnetization distribution of inserted PM 

 
and leakage flux exists in the flux barrier regions and 
magnetic ribs areas, where the iron saturation effect is 
included in the equivalent magnetization expression. [1]. 

The magnetization M
uur

 with considering fringing and 
leakage effect, as shown in Fig. 3, represented by a Fou-
rier series expansion is given as follow [1], [4]: 
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The flux flowing through the magnetic ribs areas is a 

leakage flux, where it is assumed to saturate at a constant 
flux density sB . In this paper, sB  is set to about 2.0 . 
It is obtain from the B-H characteristics of rotor core. 

 (T)

Then the coefficients used for expressing the equivalent 
magnetization are calculated as following [1]: 
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where ψ = ⋅r rB S , l sB L yψ = ⋅ ⋅ : rψ is magnet flux, 

lψ  is leakage flux in magnetic ribs areas, and S  is mag-
net area, as Fig. 2 shows. 

The magnetic field is obtained from equivalent mag-
netization, and radial component of flux density in air-gap 
is obtained from Poisson’s equation [4], [5]. The air-gap 
flux density distribution according to assumption (d) is 
given by: 
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where grB  is the radial component of flux density and 

gB θ  is the tangential component. 

C.  Relative Permeance Distribution 

According to assumption (c), the flux density distribu-
tion in the air-gap is expressed as the product of magnet 
flux density and corresponding relative permeance. The 
relative permeance function of this presented analytical 
method is defined as follows [3], [6]: 
 

total rotor saliency stator slotsλ λ λ− −= ×                                          (13) 
 

The influence of stator slots in the magnetic field dis-
tribution and rotor saliency in air-gap is considered by 

rotor saliencyλ −  and stator slotsλ −  respectively. In this paper, CM 
method is applied to estimate these two considerations. 

CM technique is a powerful analytical tool for the de-
termination of 2-D magnetic field, which is based on 
complex analysis theory [7]. Comparing with the conven-
tional method usually used in approximation calculation, 
which is based on “assumed field pattern” mentioned in 
[1], [3]-[5], CM method has superior advantage in ana-
lytical computation. In the relative permeance functions 
(13), both of relative permeances for rotor saliency effect 
and slot opening effect considerations will be calculated 
by direct approach with the help of CM techniques [8]. 

The general aim of CM method is to choose an appro-
priate complex function for mapping transformation. If 
we assume that the original motor configurations placed 
in a complex plane Z, then by the conformal transforma-
tion function ( )z f w= , the new simple configuration will 
be rebuilt in another complex plane W, where the field 
can be solved analytically. A sequence of several CM can 
be applied if necessary [7]. 

1) Saliency Effect 
A CM is used to transform the cylindrical rotor to a 

square so that the effective air-gap length determined by 
flux path in PM can be calculated. 

The rotor region placed in the original Z-plane is ex-
pressed by (14), in the form of logarithm equation, which 
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is composed of amplitude part and angle part. This ex-
pression satisfies the Cauchy-Riemann equation, i.e. [3], 
 
( ) ( ) ( )ln= = +f z Log z z jArg z                                 (14) 

 
The function  is not only continuous in the 

domain , but also analytical in that domain, with the 
property: 
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Since, the image of any point ( ),x y  in the Z-plane is 

the point  in W-plane, whose rectangular coordinate 
is defined respectively by the following CM equation: 
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According to this CM function, 1 8  of the rotor region 

in the original Z-plan is conformal transformed into W-
plane, Fig. 4 shows the transformed mapping region: 
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Fig. 4.  Conformal Mapping of rotor cross-section of the IPM model 

 
In the mapping region, for every interval on v-axis, the 

transformed air-gap length ( )mapG θ  for the flux lines in 
the direction of u-axis is calculated. Furthermore, the total 
air-gap length function, and the relative permeance 

rotor saliencyλ − including the rotor saliency effect is given by 
means of Fig. 4 as follows [3]: 
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Fig. 5. Rotor saliency relative permeance distribution 

 
In the above formula, 
 

0 0 ( )μ= + m rG g h                                                          (19) 
 

Depending on the magnetization direction of the PM, 
the flux passes through the inner of PM by different cross-
ing paths: radial crossing and parallel crossing. Conse-
quently the energy loss in the PM is different. In this pa-
per, a parallel magnetization PM is chosen, so the flux 
lines in PM inner area are constant air-gap length, whose 
effective value is m rh μ . The relative permeance 
distribution of parallel magnetization in this mapping 
approach is shown in Fig. 5. 

2) Slot Opening Effect 
Stator slots have a great effect on the flux density dis-

tribution in the air-gap, furthermore it affects the output 
performance. Therefore, either for air-gap field analysis, 
or for motor design, slot opening area should be precisely 
calculated. 

A CM used for slots effect analysis is that transforms 
the complex upper half-plane (as Fig. 6(b) shows) to the 
interior of a polygon (such as the polygon in Fig. 6(a) 
created by the path 1-2-3-4-5), which means a simplified 
slot opening area obey the assumption (b). Since the air-
gap is quit small compared with the width of slot opening, 
it is sufficient in the analysis to consider a singular slot 
area, and as far as the air-gap field is concerned, the slot 
opening area can be treated as infinitely deep, as Fig. 6(a) 
shows [7]. 

This CM transformation equation is obtained from 
Schwarz-Christoffel transform theory [7]-[9] giving as: 
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(a). Simplified singular slot opening configuration in Z-plane 
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(b). Conformal mapping region of singular slot opening in W-plane 

 

Fig. 6. Conformal mapping of IPM model stator slot opening 
 

Now, the singular slot opening area in the Z-plane is 
mapped into the W-plane by the CM function (20). So, 
the magnetic field in slot opening area can be analyzed in 
the new plane. In the W-plane, an equivalent magnetic 
field is assumed setting along the real axis region [-1,1], 
which corresponding to the rotor surface in the Z-plane. It 
is in place of the magnetic flux source produced by the 
interior PM. The field can be expressed as [7]- [9]: 
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Then, the flux density in the air-gap region is calculated 

from the given field, and the permeance ( ,x yλ  can be 
obtained from the flux density by setting unit difference 
in the magnetic field between stator and rotor [9]. Hence: 
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Subsequently the relative permeance function slot effectλ −  

can be obtained by dividing stator slotsλ −  by a one-
dimensional permeance function of an equivalent slotless 
stator IPM motor, as follows: 
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Fig. 7.  A slot opening area relative permeance distribution 
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The relative permeance results from the CM method 

and from “assumed field pattern” method used in [1], [4]-
[5] are compared in Fig. 7. From the comparison, by these 
two approaches, the difference of slot opening effect on 
the flux density distribution along the stator wall surfaces 
is obviously observed. According to the Maxwell’s tensor 
theory [7], cogging torque is determined by the flux den-
sity distribution along the stator surface [10]. Therefore, 
there is an error between these two methods. In this paper, 
the relative permeance function getting from CM method 
is used in the presented analytical method. The accuracy 
of the CM method result will be proved in the flux density 
distribution comparison. 

III. RESULT COMPARISON 

To verify the accuracy of this developed analytical 
method, 2-D FEA is performed, and the results that from 
analytical calculation and FEA are compared.                
Fig. 8 shows the equi-potential (flux lines) distribution at 
a rotor position. Fig. 9 shows the comparison of the flux 
density distribution in the air-gap, which is correspond 
with the parallel magnetization of IPM. With a good 
agreement in flux density comparison, cogging torque of 
the IPM model is calculated, based on flux density distri-
bution, and it is compared with FEA, as shown in Fig. 10. 
From the comparisons, this developed analytical method 
is well proved. 

 

 
Fig. 8 Equi-potential distribution in FEA model 
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Fig. 10. Comparison of calculated and FEA cogging torque 

IV. CONCLUSION 

An analytical method used to predict the air-gap field 
distribution in an IPM motor is improved by using con-
formal mapping techniques in this paper. With the help of 
the conformal mapping techniques, stator slots effect and 
rotor saliency effect on the field distribution are well con-
sidered. The good agreement of results comparison from 
both analytical method and FEA simulation verifies the 
accuracy of the analytical method. The proved analytical 
method can give well support to motor characteristic 
analysis, and initial motor design of IPM motors. 
 

APPENDIX 
LIST OF SYMBOLS AND MOTOR PARAMETERS 

sR  Inner radius of stator 45.5(mm)

rR  Radius of rotor 45   (mm)

mR  Effective radius of magnet 38.5(mm)

mh  Height of PM 6.5  (mm)

0g  Length of air-gap 2     (mm)

0β  Slot opening width 5.8  (mm)
L  Length of stack 87   (mm)

sn  Number of slots 16 

fα  Flux barrier angle 76  (deg.)

pα  Pole-arc angle 72  (deg.)
y  Magnetic rib width 0.5  (mm)

rB  PM remanent induction 1.1  (T) 

sB  Saturation flux density 2.0  (T) 

0μ  Vacuum relative permeability 1 

rμ  PM relative permeability 1.05 
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